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Abstract
The presence of impurity ions in magnetically confined plasmas can significantly influence
micro-instabilities, impacting cross-field transport and ultimately affecting fusion performance.
In particular, Parallel Velocity Gradient (PVG) instability, commonly observed at the edge of
fusion devices and in linear devices, can be strongly influenced by impurities. Inspired by the
drift-wave models of Hasegawa-Mima and Hasegawa-Watakani, this article develops and
examines two distinct fluid models: the ideal impurity-PVG model and the resistive
impurity-PVG model. These models aim to investigate the impact of impurities on key
properties of the PVG instability, both in the linear and nonlinear regimes. Our findings show
that non-negligible impurity concentrations change the growth rates, wave-number ranges, and
nonlinear saturations of these instabilities. Notably, the degree of ionization and the relative
impurity flow shear can either amplify or mitigate PVG-related turbulence, depending on the
impurity and overall plasma conditions. The results underscore the need for a more
comprehensive treatment of multi-ion-species plasmas, particularly when impurity fractions
cannot be treated as traces.

Keywords: impurities, micro-instabilities, drift-wave turbulence,
parallel velocity gradient instability

1. Introduction

Magnetic confinement fusion devices aim to achieve nearly
emission-free power generation by sustaining a plasma

∗
Author to whom any correspondence should be addressed.

in which Lawson’s criteria are satisfied [1]. However,
plasma-facing components and external injections introduce
non-hydrogenic ions such as Tungsten or Carbon, which may
significantly alter micro-instabilities and cross-field transport.
One micro-instability of particular interest is the Parallel
Velocity Gradient (PVG) instability, which generates tur-
bulence through radial gradients in parallel plasma flow
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and contributes to cross-field transport, including impurity
transport [2].

The PVG instability was first studied by D’Angelo under
the assumptions of uniform magnetic field and low-beta
conditions [3]. It resembles a Kelvin–Helmholtz-(like) mech-
anism, in which velocity shear drives the growth of elec-
trostatic modes. Subsequently, Catto et al [4] identified the
roles of density gradients and magnetic shear in stabilizing
PVG modes. Subsequent theoretical studies and experimental
validations [5–8] confirmed the presence of PVG-driven tur-
bulence at the edges of fusion devices. Similar velocity-shear-
driven processes have also been observed in linear devices
such as PANTA [9]. Moreover, PVG-driven flows can influ-
ence the impurity transport dynamics [2], establishing a con-
nection between impurity transport and the associated turbu-
lent processes in the plasma.

Impurity transport is a key factor in determining plasma
performance in fusion devices. Many studies assume the trace
impurity limit, where impurity concentrations are low enough
to avoid influencing background dynamics. This assumption
is supported by experiments-for example, tungsten concentra-
tions above 10−4 can cause radiative collapse, making igni-
tion unsustainable [10]. As a result, the trace limit is widely
used, particularly for heavy impurities [11–16]. However, it
is valuable to examine impurity effects beyond the trace limit
[17], particularly within simplified fluid models. Motivated by
this, we develop and analyse two reduced two-fluid models
that incorporate finite impurity content. The first is an ideal
impurity-PVGmodel based on Boltzmann-response electrons,
similar to the Hasegawa–Mima model [18]. The second is a
resistive impurity-PVG model that includes parallel resistive
dynamics, analogous to the Hasegawa–Wakatani model [19].
While our main focus is low-Z impurities, we also include
high-Z species like C6+ and W40+ to investigate qualitative
trends. The impurity concentrations used (e.g. ns0/n0 ∼ 10−3)
exceed experimental limits for tungsten, and are not intended
to model reactor conditions, but rather to assess the sensitivity
of impurity effects within the model framework.

The paper is organized as follows: section 2 reviews the
derivation and introduces the twomulti-ion-species PVGmod-
els. Section 3 examines their linear properties, demonstrat-
ing how impurities modify dispersion relations and instabil-
ity boundaries. Section 4 turns to numerical simulations per-
formed via pseudo-spectral codes, verifying linear growth
rates and examining nonlinear saturation, turbulence spectra,
and coherent structure formation. Finally, section 5 summar-
izes our findings and discusses the implications for fusion-
edge modelling and linear plasma devices.

2. Models

2.1. Fluid approximation and geometry

All models adopt a local Cartesian approximation with basis
vectors (êx, êy, êz). The magnetic field is homogeneous and
constant, B= Bêz. Subscripts ∥ and ⊥ denote directions par-
allel to êz and within the perpendicular plane (êx, êy).

Table 1. Normalization scheme.

Quantity Normalization

Time: t,ω,γ t̂= ωc,i t
Length: x,y,z,Ln x̂= x/ρc,i
Velocity: u∥,<∇⊥u∥ > û∥ = u∥/ρiωci

Potential: ϕ ϕ̂= eϕ/Te

Table 2. Impurity-related parameters.

Parameter Definition

Mass ratio Ms = mz/mi

Concentration Cs = ns0/n0
Ionization number Zs = es/e

For each species s, the equilibrium density and PVGs are
constant, and along x:

∇ns,0 =−ns,0
Ln,s

êx, ∇u∥,s,0 =
u∥,s,0
Lu,s

êx (1)

where Ln,s and Lu,s are the respective gradient scale lengths.
We consider a plasmawith electrons (s= e), a main ion spe-

cies (s= i), and an impurity species (s= z), though straight-
forwardly the model generalizes to additional species. Each
species has mass ms and charge qs = Zse, with Ze =−1 and
Zi = 1.

The fluid-drift ordering ϵ= ω/ωci ≪ 1, where ωci is the
ion-cyclotron frequency, separates timescales. As a result, ion
polarization and viscous drift are second-order corrections to
the first-order E×B drift,

u⊥ ∼ ϵ
E×B
B2

− ϵ2
(

1
ωc,sB

d
dt

(∇⊥ϕ)+ ν∇⊥
(
∇2

⊥ϕ
))

+ . . .

(2)

where ν is the ion viscosity coefficient, assumed constant
across species. Consequently, the total time derivative is dom-
inated by the E×B drift,

d
dt

∼ ∂

∂t
+uE ·∇. (3)

2.2. Normalization and multi-species effective quantities

We adopt a uniform normalization scheme for all models, as
detailed in table 1. Moreover, as we deal with multiple ion
species we define impurity-specific parameters, as shown in
table 2.

From the inclusion of non-hydrogenic ions, models will
include effective quantities for multiple species. The average
density gradient length 1

Ln
,

1

Ln
=
∑
s̸=e

Zs
Cs
Ln,s

(4)

and the average mass ratio M,

2
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M=
∑
s̸=e

CsMs. (5)

2.3. Ideal impurity-PVG model

The ideal impurity PVG model is an extension of the
well-known Hasegawa–Mima model, originally developed
by Akira Hasegawa and Kunioki Mima in the late 1970s
to explain broad frequency spectra of density fluctuations
observed in laser experiments [18]. The Hasegawa–Mima
model describes drift wave turbulence in a slab geometry with
a background density gradient in the x-direction and a constant
axial magnetic field. It combines the ion continuity equation-
neglecting parallel inertia-with quasi-neutrality and assumes
an adiabatic electron response. Building upon this foundation,
the ideal impurity PVG model introduces two key modifica-
tions. It incorporates multiple ion species, including impurit-
ies, and adds the parallel momentum equation for ions, thereby
capturing parallel dynamics absent in the original Hasegawa–
Mima formulation. Therefore, the general equations for this
model are the following,

∂ns
∂t

+ ∇⊥ · [ns (uE+up,s)] + ∇∥
(
nsu∥,s

)
= 0 (6)∑

s̸=e

Zsns = ne = n0 exp

(
eϕ
Te

)
(7)

∂us,∥
∂t

+(uE+up,s+uvisc,s) ·∇⊥us,∥ + us,∥∇∥us,∥

=− qs
ms

∇∥ϕ +µv∇2
∥us,∥ −µus,∥ (8)

where µv∇2
∥us,∥ is the z-component of the viscous stress

tensor following Braginski closure [20], and −µus,∥ repres-
ents the drag coefficient due to ion-neutral collisions [21–23].
Although these terms are not essential for the growth of the
instability, they play a crucial role in its physical dissipation
during the nonlinear regime.

The linear properties are described in [24, 25], but a sum-
mary is provided below. First, 4 terms are neglected:

(i) (up,s+uvisc,s)∇⊥ns ≪ uE∇⊥ns as (up,s+uvisc,s) is of
order ω/ωci compared to uE.

(ii) (up,s+uvisc,s)∇⊥u∥,s ≪ uE∇⊥u∥,s as (up,s+uvisc,s) is of
order ω/ωci compared to uE.

(iii) us,∥∇∥ns ≪ ∂ns
∂t , us,∥∇∥us,∥ ≪

∂us,∥
∂t , must remain satis-

fied to avoid strong Landau damping

Linearizing and combining the density equations gives a
single equation for ϕ, while each ion species contributes its
parallel velocity equation. In normalized form, this reduces to
s+ 1 equations, which we write for clarity as

∂

∂ t̂

(
ϕ̂−M∇2

⊥ϕ̂
)
+

1

Ln

∂ϕ̂

∂ŷ
−M

[
ϕ̂,∇2

⊥ϕ̂
]
+

∑
s̸=e

ZsCs∇∥˜̂us,∥ + ν∇4
⊥ϕ̂ = 0

∂˜̂us,∥
∂ t̂

− < ∇⊥ ˆus0,∥ >
∂ϕ̂

∂ŷ
+

[
ϕ̂,˜̂us,∥] = −

Zs
Ms

∇∥ϕ̂+µv∇2
∥
˜̂us,∥ −µ˜̂us,∥.

(9)

The system of equations in equation (9) describes the evolu-
tion of the normalized potential, ϕ̂, and the normalized parallel
velocity fluctuations ,˜̂us,∥. The first equation governs the time
evolution of the potential, including its time derivative, per-
pendicular Laplacian, a gradient term in y-direction, a Poisson
bracket, and a sum over ion species weighted by charge state
Zs and ˜̂us,∥. The second equation governs the evolution of˜̂us,∥, incorporating its time derivative, background velocity

gradient, and a Poisson bracket with ϕ̂. On the right-hand
side, it includes the potential gradient response, diffusion, and
nonlinear damping. The hyper-dissipative terms, ν∇4

⊥ϕ̂, and

muv∇2
∥
˜̂us,∥ come from the perpendicular and parallel viscous

terms of the stress tensor.
The difference between this model and the one developed

in [24] is the inclusion of three extra terms: the viscosity term
in the electric potential equation and the viscosity and drag
coefficient terms in the parallel flow equations. As demon-
strated in the following sections, incorporating these terms is
essential for accurately modelling the nonlinear regime of the
instability.

The ideal impurity-PVG model is formed on the assump-
tion that electrons follow Boltzmann’s distribution, that is why
we label it as ‘ideal.’ Conversely, the forthcoming model we
will present, known as the resistive impurity-PVGmodel, does
not rely on that assumption and instead relies on principles of
charge conservation and collision between electrons and ions
to complete the set of equations.

2.4. Resistive impurity-PVG model

The resistive impurity PVG model is an extension of
the Hasegawa–Wakatani model, originally developed by
Hasegawa and Wakatani in the early 1980s [19]. The
Hasegawa–Wakatani model is a refined version of the
Hasegawa–Mima model which incorporated resistivity as a
source of dissipation to drive drift wave turbulence [26]. In
their formulation, the instability is driven by resistive coup-
ling between electrons and ions, while ion viscosity acts as
the dominant dissipation mechanism at both large and small
scales. As in the Hasegawa–Mima model, the Hasegawa–
Wakatani model assumes a slab geometry, cold ions with neg-
ligible parallel inertia, and an adiabatic electron response, but
adds a charge balance equation to account for resistive effects.

Extending this framework, the resistive PVG model
includes multiple ion species-such as impurities-and incor-
porates full parallel ion and electron dynamics. For two ion
species, s= i,z, the model consists of five coupled equations:
continuity and parallel momentum equations for each ion spe-
cies, and a generalized charge conservation equation based
on quasineutrality, ∂ρ

∂t ∼ 0. Additionally, the electrons are
treated as isothermal along the field lines. This extendedmodel
captures the interplay between resistivity, parallel flows, and
impurity transport.

∂ns
∂t

+∇⊥ [ns (uE+up,s)]+∇∥
(
nsus,∥

)
= 0 (10)

3
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∇· J=∇⊥J⊥ +∇∥J∥ = 0 (11)

msns
dus,∥
dt

=−esns∇∥ϕ +µv∇2
∥us,∥ −µus,∥

−
∑
s′ ̸=s

ms′ns′
(
us,∥ − us′,∥

)
νs′s. (12)

The perpendicular current is determined by the difference in
perpendicular velocities between electrons and ions. However,
due to the drift approximation, the uE term on ions and elec-
trons cancels out, leaving only the polarization and viscosity
terms of the ions.

J⊥ = en0

∑
s ̸=e

Zs
ns0
n0

us,⊥ − ue,⊥

≈ en0

∑
s̸=e

Zs
ns0
n0

(up,s + uvisc,s)

 .

(13)

Due to their low inertia, electrons are assumed to carrymost
of the parallel current since electron parallel velocity is much

greater than the ion parallel velocity
ue,∥
us,∥

∼ cse
css

∼
√

ms
me

≫ 1.

Consequently, the parallel current for impure plasmas takes
the form

J∥ = en0

∑
s̸=e

Zs
ns0
n0
us,∥ − ue,∥

≈ en0
(
−ue,∥

)
. (14)

From the electron parallel momentum equation, neglecting the
electron inertia term, it is possible to retrieve an expression of
the parallel current in terms of the electric potential and density
fluctuations,

0∼−∇∥pe− neeE∥ +
∑
s̸=e

me
J∥
e
νes (15)

where νes is the electron-ion collision frequency for each ion
species, s. The electron-ion collision for each species can
be written in terms of the electron-ion collision for a pure
plasma νei,

νes = Z2sCsνei (16)

where νei =
e4n0 lnΛ

(4πϵ0)2m
1/2
e T3/2e

[27]. Rearranging terms, the paral-

lel current can be written as

J∥ =
Te
eηimp

∇∥

∑
s̸=e

Zs
ns
n0

− eϕ
Te

 (17)

where ηimp is the resistivity of the impure plasma,

ηimp =
meνei
n0e2

∑
s̸=e

Z2sCs (18)

which depends on the ionization number and concentration of
impurities.

As previously mentioned, electrons carry most of the par-
allel current, therefore all ions’ parallel-momentum equations
share a common structure,

dus,∥
dt

≈ es
ms
E∥ +µv∇2

∥us,∥ −µus,∥ −
meνei
msns

Z2sCs
J∥
e
. (19)

Table 3. Main SPEKTRE parameters [28, 29].

B (mT) n0 (m−3) Te (eV) Ti (eV)

440 1019 10 1

Including the parallel current given by equation (17), the paral-
lel momentum equation for a given ion species s has the form

dus,∥
dt

=−Zse
ms

∇∥ϕ +µv∇2
∥us,∥ −µus,∥

+
Z2s/Ms∑
s̸=eZ

2
sCs

Te
mi

∇∥

eϕ
Te

−
∑
s̸=e

Zs
ñs
n0

 . (20)

Similar to the Hasegawa–Wakatani model, it is possible to
retrieve an equation for the electric potential by including the
different expressions of parallel and perpendicular currents on
the charge conservation. Furthermore, all density equations
share a common structure including terms appearing on the
charge conservation. Including the ion’s parallel momentum
equation, this procedure results in a model composed of 2s+ 1
equations for s ion species, given by

∂

∂ t̂

(
ñs
n0

)
+

Cs
Ln,s

∂ϕ̂

∂ŷ
+

[
ϕ̂,

ñs
n0

]
+Cs∇∥˜̂us,∥

= −
CsMs/Zs

M
Cimp∇2

∥

ϕ̂−
∑
s ̸=e

Zs
ñs
n0

 (21)

∂

∂ t̂

(
∇2

⊥ϕ̂
)
+
[
ϕ̂,∇2

⊥ϕ̂
]
= −

Cimp

M
∇2

∥

ϕ̂−
∑
s ̸=e

Zs
ñ

n0

+ ν∇4
⊥ϕ̂ (22)

∂˜̂us,∥
∂ t̂

− < ∇⊥ ˆus0,∥ >
∂ϕ̂

∂ŷ
+
[
ϕ̂,˜̂us,∥]

= −
Zs
Ms

∇∥ϕ̂+µv∇2
∥
˜̂us,∥ −µ˜̂us,∥ +

Z2s/Ms∑
s ̸=e Z

2
sCs

∇∥

ϕ̂−
∑
s ̸=e

Zs
ñs
n0

 .

(23)

The system of equations in equations(21)–(23) describes
the evolution of the normalized density fluctuations, ñs

n0
, nor-

malized potential, ϕ̂, and the normalized parallel velocity
fluctuations ,˜̂us,∥. Here, we have included a parameter Cimp

which is a modified version of the adiabaticity parameter in
the conventional Hasegawa–Wakatani model. This parameter
depends on plasma resistivity, and therefore is altered by
accounting for different collision frequencies,

Cimp =
B

en0ηimp
. (24)

2.5. Model application to linear devices

In the next sections, we will investigate the impurity-PVG
instabilities in the linear and non-linear regimes. Let us first
introduce the standard parameters adopted in these sections.
The plasma parameters are based on the characteristics expec-
ted in SPEKTRE [28, 29] (Sheath, Plasma Edge Kinetic
Turbulence Radiofrequency Experiment), see table 3.

The baseline values for density gradient length and gradient
velocity of main ions are

4
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Table 4. Impurities. Here, V=∇uz0,∥/∇ui0,∥ is the ratio of parallel
velocity gradients.

Impurity M= mz/mi Z Cz Ln/ρc,i V Cimp

W40+ 184 40 10−3 10 2 678
W5+ 184 5 10−3 10 2 1702
C6+ 12 6 10−2 10 2 1336
C3+ 12 3 10−2 10 2 1638

Ln,i
ρi

= 10,
<∇⊥u∥,i0 >

ρiωci
= 0.07. (25)

The value of the density gradient is estimated based on data
from similar devices. The parallel shear flow value is an arbit-
rary but reasonable value above the instability threshold.

Thirdly, the dissipative terms, namely ν, µv, and µ, intro-
duced in the models can be computed in their normalized
form as

ν =
3
10

Ti
Te

νii
ωci

∼ 7 · 10−4 (26)

µv =
4/3 · (0.96n0Ti/νii)

ρ2i ωci
∼ 6.67 · 10−8 (27)

µ=
n0σnvth
ωci

∼ 0.01. (28)

Please note that we assume dissipative terms to remain con-
stant for each of the impurities.

For a multi-species plasma, we will consider that the
plasma contains only electrons and two ion species, main-ions
s= i and impurity ions s= z. We apply our analysis to different
impurities ions, which are given in table 4.

In the context of SPEKTRE, we typically focus on low-Z
impurities. However, we also include high-Z impurities, such
as C6+ and W40+. This allows us to gain qualitative trend
information that could be relevant for fusion reactor applic-
ations, where high-Z impurities may play a role in the plasma
behaviour. While the temperature should ideally be adjusted
for these higher ionization energies, including such impurities
helps provide a broader understanding of impurity physics and
their potential impact in fusion environments.

In a multi-species plasma, the main-ion concentration will
be Ci = 1−ZCz. The choice of impurity concentration was
made so that the product of Zs and Cs was of the same order
of magnitude for tungsten and carbon. Additionally, based on
the information provided in table 4, the adiabaticity parameter
undergoes slight modifications for impurities with a low ioniz-
ation number. However, for high values of Z, there is a substan-
tial change in the parameter Cimp. It indicates that the impurity
trace approach employed in previous studies may not accur-
ately capture the behaviour of high-Z impurities.

For the shape and grid of the slab geometry, the normalized
dimensions are Lx×Ly = 4π

3 × 4π
3 with a distribution of grid

points Nx×Ny = 256× 256.
Unless stated otherwise, the parameters explained above

will be used in all of the different analyses that will be shown
in the next sections.

In the following sections, we will be studying the linear
and nonlinear phases of PVG instability under the effect of
impurities. However, we will model the parallel gradient,∇∥,
using a fixed parallel wavenumber. In the linear analysis, we
will vary such wavenumber and study the effects of impurities
on the maximum growth rate, whereas in the nonlinear ana-
lysis, we will select a fixed value and solve numerically the
2D problem. This deliberate approximation is standard in lin-
ear studies and enables us to isolate and explore the qualitative
influence of impurities on PVG instability within a simplified
fluid framework. Nevertheless, we emphasize that this treat-
ment does not capture the full spectrum of parallel dynam-
ics resolved in gyrokinetic simulations. Recent work [15] has
shown that retaining the complete parallel operator is essen-
tial for accurate transport modelling. Thus, our results should
be interpreted as a qualitative approach to how impurities
affect the PVG instability rather than quantitatively predictive
results.

3. Linear analysis

3.1. Ideal impurity-PVG model

Linearizing the ideal impurity-PVG model results in the dis-
persion relation shown below

ω2 − (ωHM,imp − i(µtot + νtot,imp))ω−
k2∥

1+Mk2⊥

(
c2ss −

ky
k∥

<∇⊥u0,∥ >

)
−µtot (ωHM,imp + νtot,imp) = 0. (29)

Here, ωHM,imp =
ky 1

Ln

1+Mk2⊥
represents the impurity-modified

Hasegawa–Mima dispersion relation, and the effective and dis-
sipative coefficients are defined as:

<∇u∥,0 >=
∑
s̸=e

ZsCs <∇u∥,s0 >, c2ss =
∑
s̸=e

Z2sCs
Ms

µtot = µ+µvk
2
∥, νtot,imp =

νk4⊥
1+Mk2⊥

.

(30)

Neglecting viscosity and drag coefficients, one can solve the
dispersion relation as

ω±,imp =
ωHM,imp

2

±

√(ωHM,imp

2

)2
+

k2∥
1+Mk2⊥

(
c2ss−

ky
k∥

<∇⊥u0,∥ >

)
.

(31)

The expression in equation (31) provides insights into the
instability mechanisms and the role of impurities. The solution
will be unstable, i.e. ℑω± > 0, if the sum of the terms in the
square root becomes less than zero. Leading to a threshold on
the effective PVG,

<∇⊥u0,∥ >>
k∥
ky

c2ss+ 1
4

(
1
Ln

)2

(
1+Mk2⊥

)( k∥
ky

)2

 (32)
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Figure 1. Evolution of maximum growth rate of a Tungsten-impure plasma as a function of (a) parallel wavenumber, k∥ρi, and (b)
perpendicular wavenumber, k⊥ρi. The dashed line represents the dispersion relation without drag and viscosity effects.

Figure 2. Evolution of maximum growth rate of a Carbon-impure plasma as a function of (a) parallel wavenumber, k∥ρi, and (b)
perpendicular wavenumber k⊥ρi. The dashed line represents the dispersion relation without drag and viscosity effects.

When comparing the threshold of the effective PVG with
respect to the Kelvin–Helmholtz instability threshold, as given
by equation (17) in D’Angelo [3], several important differ-
ences arise, primarily due to the inclusion of impurities. First,
both the density and velocity gradients are influenced by
impurities, making them effective quantities. Second, while
the terms c2ss and M are equal to one in the pure case (as in
D’Angelo), they deviate from one when highly ionized impur-
ities are taken into account.

Another key aspect is that equation (31) describes an
instability whose growth rate diverges with k∥ρi. Numerically,
this implies that the choice of the spatial grid determines the
maximum growth rate and the localization of the instability in
the kxρi − kyρi space. This nonphysical behaviour comes from
neglecting the viscosity and drag coefficients, ν and µ, which
suppressed all sources of dissipation. Therefore, in the follow-
ing analysis, we study the growth rate from the more complete
equation (29).

To address the influence of impurities on the disper-
sion relation, we first examine the behaviour of the max-
imum growth rate. Each maximum growth rate corresponds
to a specific region within the wavenumber space (kx,ky,k∥).

However, drawing conclusions from a 3D plot is challen-
ging, so we break down the growth rate evolution in terms of

parallel, k∥ and perpendicular wavenumbers, k⊥ =
√
k2x + k2y ,

figures 1 and 2.
Figures 1 and 2 show that impurities affect both the growth

rate and the extent of the instability region. The presence of
impurities alters the effective PVG, which depends on factors
such as ionization number and impurity concentration. Hence,
different impurities exhibit varying effects on PVG instabil-
ity. In figures 1(a) and 2(a), we observe that when the product
between Cs and Zs is high enough, the impurities enhance
the growth rate of the instability, observed in W40+,C6+, and
C3+ impure plasmas where the growth rate surpasses that of
the pure plasma. However, for W5+ impurities, the growth
rate is reduced compared to pure plasmas. The influence on
the region of instability follows a similar trend. For the cases
of W40+, C6+, and C3+ impure plasmas, the region expands,
indicating a lower threshold for PVG destabilization, while for
W5+, it remains nearly unchanged.

The effect of the dissipative terms is shown in the evolution
of the perpendicular wavenumber, figures 1(b) and 2(b). The
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Figure 3. Effect of various parameters on the growth rate of the ideal impurity-PVG model: (a) effect of ionization number on the
maximum growth rate, γmax/ωci, in a W-impure plasma; (b) effect of different V for fixed k∥ρi = 0.06 in a W40+-impure plasma.

maximum growth rate is approaching zero at small and large
scales of k⊥ρi and impurities’ effects described before are con-
sistent in these plots. Nonetheless, the values of k⊥ρi reach
up to ∼15, exceeding the range in which the reduced model
used here is formally valid. While these results provide valu-
able insight, their quantitative accuracy in this regime is lim-
ited. This suggests that futurework should focus on identifying
plasma parameters that allow access to the k⊥ρi < 1 regime,
where the reduced model remains formally valid.

It is worth noting that in the absence of drag coefficient and
ion viscosity, all previous figures have a nonphysical shape,
as seen in the dashed lines in figures 1 and 2. In figures 1(a)
and 2(a), it is evident that once the instability threshold is sur-
passed, there is no dissipation mechanism, leading to a posit-
ive growth rate for all values of k∥ρi. Moreover, in figures 1(b)
and 2(b), the dashed lines display an unusual shape, with sig-
nificantly high growth rates for high values of k⊥ρi.

Different effective quantities are at play in the PVG
instability. In previous graphs, we have maintained the PVGs
of main ions and impurities constant, as well as their ioniza-
tion numbers. Next, we explore their influence on the growth
rate, as shown in figure 3.

In figure 3(a), we study the effect of the ionization number
while keeping the type of impurity and concentration con-
stant. For this analysis, Tungsten impurities are considered
with CW = 0.001, and the maximum growth rate for different
values of k∥ρi was calculated while varying the ionization
number. The behaviour described earlier is demonstrated here,
where an increase in Z corresponds to an increase in the growth
rate. However, it only surpasses the pure growth rate when
CsZs ≳ 0.01.

Finally, in figure 3(b) we study the effect of the impurity
flow shear. Focusing on a specific k∥ρi value, we vary the
gradient velocities in a W40+-impure plasma. For small val-
ues of the impurity PVG, the impurity shear flow amplifies
the instability when it has an equal direction to the main ions
(V > 0), while it stabilizes the system when the flow direction
is opposite (V < 0).

3.2. Resistive impurity-PVG model

Similarly, linearizing the resistive impurity PVGmodel results
in a dispersion relation, more complex:

iω3 −ω2 (bimp +µtot + νk2⊥
)
− iω

(
c3ssk

2
∥ + ibimpωHM,imp + bimpµtot

+νk2⊥

(
Cimpk

2
∥ +µtot

))
+ bimp

k2∥

1+Mk2⊥

(
c2ss −

ky
k∥

<∇⊥u0,∥ >

)
+ c3ssνk

2
⊥k

2
∥ +µtot

(
ibimpωHM,imp +Cimpk

2
∥νk

2
⊥

)
= 0. (33)

Here, c3ss and bimp are multi-species effective quantities
defined as:

c3ss =

∑
s̸=e

Z3sCs
Ms∑

s ̸=eZ
2
sCs

bimp =
Cimpk2∥
M

1+Mk2⊥
k2⊥

. (34)

The full dispersion relation of the system, given in
equation (33), describes two primary instability branches:
an impure resistive drift-wave branch and an impure PVG
branch. Each of these can be examined separately. The impure
resistive drift-wave branch arises from linearizing the impure
Hasegawa–Wakatani model and is described by

ω2 + i
(
bimp + νk2⊥

)
ω−

(
ibimpωHM,imp−Cimpk

2
∥νk

2
⊥

)
= 0.

(35)

In contrast, the impure PVG branch reduces to the ideal
impurity-PVG model in the limit Cimpk2∥ →∞, analogous
to how the Hasegawa–Mima model is recovered from the
Hasegawa–Wakatani model as C→∞. The corresponding
ideal PVG dispersion relation is given in equation (29).

Following the same linear analysis, we obtained the max-
imum growth rate in the wavenumber space (k⊥,k∥) for differ-
ent impure plasmas, figures 4 and 5. The combined influence
of the resistivity and PVG is evident in the shape of the max-
imum growth rate.

The dependence of the maximum growth rate with respect
to the parallel wavenumber, figures 4(a) and 5(a), display two
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Figure 4. Evolution of maximum growth rate of a Tungsten-impure plasma as a function of (a) parallel wavenumber, k∥ρi, and (b)
perpendicular wavenumber k⊥ρi.

Figure 5. Evolution of maximum growth rate of a Carbon-impure plasma as a function of (a) parallel wavenumber, k∥ρi, and (b)
perpendicular wavenumber k⊥ρi.

distinct bell-shaped regions. The first region arises from the
resistive drift-wave branch, wherein the peak of the bell shape
shifts to higher k∥ρi values depending on howmuch the impur-
ity is ionized. The second region emerges from the PVG,
where the impurity type and concentration impact the mag-
nitude of the growth rate, as well as the region of instability.
While previous sections presented the results separately, this
new model combines both findings, providing a more compre-
hensive and integrated perspective.

Similarly, the shape of the maximum growth rate as a func-
tion of its k⊥ρi location, figures 4(b) and 5(b), is a combination
of both models. However, the resistive impurity-PVG model
reveals that the region of instability extends over a wider range
of wavenumbers compared to previous models. Moreover,
including impurities further expands this region, emphasizing
the significant impact of impurities on the instability.

We note, however, that in this extended regime, k⊥ρi
reaches values beyond unity, where the assumptions under-
lying the current fluid model begin to break down. While
the observed trends remain insightful, caution is warranted
in interpreting the results quantitatively at large k⊥ρi. This
suggests that future work should focus on identifying plasma

parameters that allow access to the k⊥ρi < 1 regime, where
the reduced model remains formally valid.

Lastly, the effects of the ionization number and the impurity
flow shear on the growth rate are still of interest and are
explored in the analysis, figure 6. We begin by examining the
effect of impurity flow shear on different branches of the res-
istive PVGmodel. In figure 6(a), we focus on the resistive-drift
wave branch. For low values of flow shear,∇u0,∥/csi ⩽±0.25,
the growth rate undergoes slight modifications, and the impur-
ities enhance the instability only when they have the same dir-
ection as the main ions (V > 0). However, as the flow shear
magnitude increases, the growth rate experiences a significant
increase, nearly tripling in magnitude. As for the PVG branch,
figure 6(b), we observe similar trends to the ideal PVGmodel:
for small values of the PVG, the impurity shear flow amplifies
the instability when it has an equal direction to the main ions
(V > 0), while it stabilizes the system when the flow direction
is opposite (V < 0). However, when the flow shear becomes
very large, this distinction becomes less pronounced, and the
growth rate of the instability increases.

In figure 6(c), we explore the impact of the ioniza-
tion number on the maximum growth rate. Unlike the ideal
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Figure 6. Effect of various parameters on the growth rate of the resistive PVG model, on a W40+-impure plasma.

impurity-PVG, where an increase in the ionization number
leads to a monotonic increase in the maximum growth rate,
the resistive impurity-PVG shows a more complex behaviour.
As the ionization number plays a major role in the resistivity
of the plasma, an increase in resistivity affects the growth rate
in both the resistive-drift wave branch and the PVG branch.
The plot reveals two significant effects. Firstly, there is a shift
in the k∥ρi location where the maximum growth rate occurs
for each branch. The shift suggests that resistivity affects the
spatial characteristics of the instability. Secondly, in the PVG
branch, a critical limit on the ionization number is observed,
beyond which the resistivity becomes significantly large, lead-
ing to a reduction of the maximum growth rate.

This linear analysis of the resistive impurity-PVG and ideal
impurity-PVG models attests that impurities play a signi-
ficant role in shaping the behaviour of PVG instability. In
the ideal impurity-PVG model, impurities primarily influence
the magnitude and region of the growth rate, highlighting
the importance of the impurity type and concentration.
Furthermore, the introduction of impurities in the resistive

impurity-PVG model introduces a more intricate relationship,
as they not only impact the growth rate but also modify the
plasma resistivity. The interaction between impurities and res-
istivity leads to changes in both the growth rate and the loca-
tion of the instability. Consequently, the combined effect of
impurities and resistivity generates a more realistic and com-
plex scenario, providing valuable insights into the behaviour
of impure PVG instability.

Figure 7 provides a comprehensive overview of the differ-
ent models utilized in this study for a W40+-impure plasma.
Firstly, the ideal impurity-PVG without dissipation terms
(green line), initially derived in [24], showcases that the
growth rate grows without bounds after the threshold is ful-
filled. Secondly, the new ideal impurity-PVG derived in this
paper, incorporating dissipation terms, exhibits a bounded
region of instability. Finally, the resistive impurity-PVG also
developed in this article, incorporates the effects of plasma res-
istivity and dissipation. The influence of resistivity is evident
on the PVG branch, as the resistive PVG has a lower growth
rate than the ideal PVG in that region. Although these results
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Figure 7. Summary of impure PVG instability for W40+-impure
plasma.

capture important trends, the values of k⊥ρi explored here
extend beyond the model’s strict validity range, and quantitat-
ive conclusions in this regime should therefore be treated with
caution.

4. Nonlinear analysis

This section investigates the nonlinear dynamics using in-
house pseudo-spectral codes for each model.

These pseudo-spectral codes are characterized by using a
fourth-order Runge–Kutta time-stepping scheme and Fourier
expansions in the perpendicular plane (x, y). A 2/3 de-aliasing
rule is applied, and periodic boundary conditions are enforced
in the perpendicular sections. The simulations are performed
on a grid of size Nx×Ny = 256× 256. The fluctuating quant-
ities are initialized with a set of randomly distributed modes
of varying amplitude and phase. We will focus on W40+ and
C6+ impure plasmas, at a fixed k∥ρi value, corresponding to
the position of maximum growth rate in figures 1, 2, 4 and 5.
Moreover, ions are initialized with a density and PVGs given
in equation (25), while impurities density and PVGs are given
in table 4.

We first evaluate the accuracy of the numerical codes by
comparing the simulated results to the theoretical dispersion
relations in the linear regime. Then, we explore the behaviour
in the nonlinear regime, investigating the formation of coher-
ent structures, their magnitudes, and sizes, both in the physical
and spectral domains. Instead of comparing our simulations
directly to experimental data, we focus on understanding the
system’s fundamental dynamics and characteristics.

4.1. Ideal impurity-PVG model

We begin by performing numerical simulations on the ideal
impurity-PVG model. The simulation parameters as well as
the plasma conditions were depicted in section 2.5.

Firstly, the time evolution of the four modes with the
highest growth rate is shown in figure 8. Displaying the ability

of the code to reach the non-linear regime, where the unstable
modes saturate at low amplitudes.

Table 5 compares the numerical growth rates with the the-
oretical growth rates from the dispersion relation, showing
that the relative errors of each simulation stay below 0.1%,
indicating high accuracy in simulating the growth of impure-
PVG unstable modes in the linear regime. The four highest
growth rate modes selected for the comparison have perpen-
dicular wavenumbers k⊥ρi ∼ 3. While this value is somewhat
above the strict k⊥ρi ≲ 1 ordering assumed in the fluid model,
it remains within a moderate range where the qualitative fea-
tures of the instability are expected to be reasonably captured.
Nonetheless, we advise caution in interpreting quantitative
results at these scales.

Figure 9 illustrates the evolution of the fluctuating elec-
tric potential at different simulation times. The left subplot
presents a combination of modes having random amplitude
and phase without any specific order or pattern. As time pro-
gresses, in the middle subplot, the unstable modes grow and
approach the nonlinear regime where the modes begin to sat-
urate and form small coherent structures. In the right subplot,
these structures interact and grow in size, forming larger pat-
terns. The behaviour of a C-impure plasma follows a similar
trend.

Analysing the behaviour of fluctuation quantities in the
spectral domain provides valuable insights into both the lin-
ear and nonlinear regimes. During the linear regime, the
unstable modes will dominate in the spectrum of eϕk/Te,
hence it is possible to obtain a contour of the numerical dis-
persion relation. In the nonlinear regime, the time-average
spectrum eϕk/Te gives valuable insights into the interaction
of the unstable modes and which of them contribute the
most in the turbulent regime. Figure 10 displays both the
linear and nonlinear spectrum of the numerical simulation
along with the theoretical dispersion relation for a W-impure
plasma. The behaviour of a C-impure plasma follows a similar
trend.

In the linear regime, shown in figures 10(a) and (b), the
accuracy of the code is demonstrated by comparing the the-
oretical dispersion (figure 10(a)) with the numerical spectrum
(figure 10(b)) at a fixed time during the linear phase. In this
phase, the spectrum is dominated by the growing unstable
modes, allowing for a direct comparison with the theoretical
growth rate contours in the kxρi − kyρi space. The simula-
tion closely matches the theoretical contours; however, it is
important to note that grid resolution plays a crucial role in
this accuracy. A finer grid would yield a closer match, but
achieving this requires a highly parallelized code, which is not
implemented in the current version. In the nonlinear regime,
figure 10(c), the modes contributing most to turbulence are
concentrated in three distinct regions: an upper region with
kyρi ∼ 2 and kxρi ∈ [−2,2], and two symmetric regions at
kxρi ∼±1.5 and kyρi ∈ [−1,1].

4.2. Resistive impurity-PVG model

In the resistive PVG model, we split the code to separately
handle the impurity resistive-drift branch at small k∥ρi, and the
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Figure 8. Behavior of modes with highest growth rates for different impure plasmas.
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Table 5. Comparison of the simulated and theoretical growth rate from the four highest growth rates.

W40+-Impure:
(
kx,ky,k∥

)
ρi γth/ωci γsim/ωci Relative error [%]

(−0.15,3.15,0.119) 0.022 9523 0.022 9662 0.060 67
(0.15,3.15,0.119) 0.022 9523 0.022 9669 0.063 76
(0.0,3.3,0.119) 0.022 9549 0.022 9544 0.002 35
(0.0,3.15,0.119) 0.022 9863 0.022 9853 0.004 28

C6+-Impure:
(
kx,ky,k∥

)
ρi γth/ωci γsim/ωci Relative error [%]

(0.15,3.3,0.125) 0.024 3105 0.024 3253 0.060 76
(−0.15,3.3,0.125) 0.024 3105 0.024 3238 0.054 54
(0.0,3.15,0.125) 0.024 3164 0.024 3159 0.002 17
(0.0,3.3,0.125) 0.024 3445 0.024 344 0.002 12

Figure 9. Evolution of the normalized potential, ϕ̃, for the ideal PVG instability in a W40+-impure plasma with k∥ρi = 0.119.

Figure 10. Evolution of PVG instability in a W40+-impure plasma with k∥ρi = 0.119 in the spectral domain: (a) theoretical dispersion

relation from equation (29), (b) ϕ̃k spectrum in the linear phase, and (c) time-averaged spectrum, ϕ̃k, over the nonlinear phase.

ideal impurity PVG branch at large k∥ρi. This simplification
introduces a slight reduction in accuracy for both the linear
and nonlinear regimes. Resulting in a few percent error in
the linear growth rates, and neglecting the nonlinear effects
of PVG in the resistive branch and vice versa. Nevertheless, it
still effectively captures the influence of impurities, the overall

dynamics, and turbulence generation, which are the primary
focus of the study.

Based on the numerical simulations of each branch at
different parallel wavenumber values, we present the time
evolution of the two modes with the highest growth rates for
each branch. Figure 11 demonstrates the code’s ability to reach
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Figure 11. Behaviour of modes with highest growth rates for different impure plasmas.
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Table 6. Comparison of the simulated and theoretical growth rate from the four highest growth rates.

W40+-Impure:
(
kx,ky,k∥

)
ρi γth/ωci γsim/ωci Relative error [%]

(0.075,−0.975,0.00548) 0.013 5429 0.013 5786 2.93
(0.075,−0.825,0.00548) 0.013 6336 0.013 6383 3.12
(0.225,3.08,0.116) 0.022 1826 0.022 8097 3.16
(−0.225,3.08,0.116) 0.022 1826 0.022 8709 3.44

C6+-Impure:
(
kx,ky,k∥

)
ρi γth/ωci γsim/ωci Relative error [%]

(0.075,−0.825,0.00415) 0.014 0244 0.014 0436 3.04
(0.075,−0.975,0.00415) 0.014 1461 0.014 1881 0.3
(−0.225,3.23,0.125) 0.023 7631 0.024 0036 1.01
(0.075,3.38,0.125) 0.023 7699 0.023 8013 0.13

Figure 12. Evolution of the normalized potential, ϕ̃, for the resistive PVG instability in a W40+-impure plasma in the resistive branch
k∥ρi = 0.00548.

Figure 13. Evolution of the normalized potential, ϕ̃, for the resistive PVG instability in a W40+-impure plasma in the PVG branch
k∥ρi = 0.116.

the nonlinear regime in both the resistive drift-wave instability
and PVG instability scenarios.

Table 6 compares the numerical growth rates with the theor-
etical growth rates from the dispersion relation. Unfortunately,
splitting the simulation code to solve either the impurity
Hasegawa–Wakatani or the ideal PVG model results in higher
relative errors in the linear regime. Indeed, our code considers
only resistivity in the resistive drift-wave branch and only PVG
in the PVG branch, while in reality, both mechanisms influ-
ence the growth at each branch. As a result, the accuracy of
our simulation is reduced to relative errors ranging from 0.3%
to 3.44%, making it less accurate compared to ideal impurity-
PVG code.

For the resistive drift-wave branch, the modes with the
highest growth rates correspond to perpendicular wavenum-
bers k⊥ρi generally below unity, thus remaining well within
the formal validity range of the fluid model. In contrast, the
highest growth rate modes in the PVG branch typically have
k⊥ρi ∼ 3. While this exceeds the strict ordering assumed in
the model, it still falls within a moderate range where trends
can be informative, though quantitative results should be inter-
preted with caution.

Figures 12 and 13 show three snapshots of the simula-
tion, illustrating the distinct evolution of electric potential
fluctuations at different k∥ρi values for aW40+ impure plasma.
The initial conditions of the fluctuating potential show modes
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Figure 14. Time-averaged spectrum, ϕ̃k, over the nonlinear phase for each branch for a W
40+-impure plasma.

Figure 15. Comparison of ϕ̃k spectrum in the linear phase with the theoretical dispersion relation from equation (33), γth, for W
40+ impure

plasma in: (a) the resistive branch and (b) the PVG branch.

with random amplitudes and phases, displaying no specific
ordering pattern. The second subplot in both figures illus-
trates the early stages of the nonlinear regime for the resist-
ive drift-wave and PVG branches, where small eddies begin
to form. A noticeable difference is observed in the size of
the structures: those in the resistive drift-wave branch are lar-
ger than those in the PVG branch. As time progresses, fully
developed turbulence is visible in both branches, with the

vortices in the resistive drift-wave branch exhibiting larger
sizes and greater magnitude compared to those driven by the
PVG. This behaviour can be attributed to the dynamics of
the impure breather [30], which influences the formation and
growth of structures in the resistive drift-wave branch.

Finally, we examine the evolution of the fluctuating poten-
tial in the spectral domain, figures 14 and 15. Here, we focus
on the simulation of W40+ impure plasma, as the results for
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C6+ exhibit a similar trend. In figure 14, we examine the time-
averaged spectrum over the non-linear phase in both branches.
The unstable modes responsible for turbulence exhibit similar
placement to those observed in the Hasegawa–Wakatani and
ideal PVG models. In the resistive drift wave branch, these
modes are concentrated within a small circular region charac-
terized by kxρi = kyρi ∈ [−1,1]. On the other hand, in the PVG
branch, the unstable modes are spread across a larger circular
area, featuring three regions of high intensity.

In figure 15, we illustrate the shape of eϕk/Te in the linear
phase and compare it to the growth rate obtained from the dis-
persion relation for both branches, see equation (33). Similar
to the ideal PVG code, the limited grid resolution results in a
contour that resembles the theoretical shape but lacks accur-
acy and resolution. However, we also encounter a noticeable
difference in the resistive branch. The influence of the PVG
changes the shape of the theoretical contour by increasing its
size and including negative growth rates. The simulated con-
tour does not exhibit this behaviour, as the effect of the PVG
is neglected, resulting in a shape that resembles the contour of
the Hasegawa–Wakatani model.

5. Conclusions

We have developed and analysed two-fluid models to explore
the impact of non-trace impurities on PVG-driven instability
and turbulence in magnetically confined plasmas, including
collisional and dissipative terms.

In the linear regime, we studied how the dispersion rela-
tion was affected by impurities. Overall, we observed that
impurities indeed affect the frequency and growth rate of
the instability, but their effect is different for each model
and is highly dependent on the type of impurity and how
much is ionized. In the ideal impurity-PVG model, the impur-
ities alter the effective PVG and modify the threshold for
instability. For sufficiently large values of CsZs, it can boost
growth rates and expand the instability region in wave-number
space, whereas lower-ionization or concentration impurities
have comparatively modest impacts. Lastly, the direction of
the impurity’s shear flow is also important, for equal direction
to main-ions will enhance the instability, while in the opposite
direction, impurities stabilize the system. In the resistive PVG,
the interplay between velocity-shear and resistive drift-wave
dynamics further enrich the instability landscape. In the
resistive drift wave branch, impurities change the resistivity
and move the unstable region towards higher k∥ρi values,
whereas, in the PVG branch, they increase the growth rate and
expand the area of instability. However, both resistivity and
PVG mechanisms have an impact on the other branch as well.
Impurity’ shear flow will slightly enhance the growth rate at
the resistive drift wave branch for equal direction to main-ions,
whereas it slightly reduces it for the opposite direction. In the
PVG branch, resistivity yields a certain ionization limit until
which impurities amplify the growth rate of the PVG branch.
However, as ionization increases further, resistivity begins to
affect the growth rate by reducing it.

While our fluid models provide valuable insights, we note
that in some parameter regimes, the analysis reaches values
of k⊥ρi up to ∼ 15, which exceeds the strict validity of
the fluid approximation based on the k⊥ρi ≲ 1 ordering. As
such, quantitative accuracy in this high-wavenumber regime
cannot be guaranteed. However, the observed trends remain
suggestive, and this behaviour points to the need for exploring
parameter ranges where the instability remains within the low-
k⊥ρi regime to ensure consistency with model assumptions.

Nonlinear simulations confirm the key predictions from
the linear analysis and highlight the formation of distinct
coherent structures in each branch. The results emphasize
the importance of going beyond the trace-impurity approx-
imation when impurity fractions become significant, CsZs ⩾
0.01, or when high-ionization states strongly affect res-
istivity. Moreover, notable differences in eddy size and
intensity emerge, reflecting the dominant instability mech-
anisms. In particular, the resistive branch exhibits larger
eddies compared to the PVG branch. Additionally, the spa-
tial organization of unstable modes responsible for eddy
formation varies, leading to more diverse turbulence char-
acteristics in the PVG branch. In conclusion, our sim-
plified fluid approach offers insights into how impurities
can reshape the PVG instability spectrum and saturation
mechanisms.
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