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ABSTRACT

We investigate the interplay between ion temperature gradient (ITG) and parallel velocity gradient (PVG) instabilities in cylindrical geometry
using a Water-bag model and 5D gyrokinetic simulations with a modified version of the GYSELA code. The Water-bag model provides an
analytical dispersion relation, which is compared to linear gyrokinetic simulations. Strong agreement is found between predicted and simu-
lated growth rates and real frequencies, validating GYSELA’s applicability to cylindrical systems. The comparison also highlights key para-
metric dependencies on instability thresholds, including the effects of density profiles, temperature gradients, and velocity shear. Notably,
weak temperature gradients are found to stabilize PVG modes, whereas strong temperature gradients tend to destabilize them. Additionally,
parallel flow shear is shown to enhance ITG-PVG hybrid modes. These properties are likely to impact the turbulent regime.

VC 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution-NonCommercial-
NoDerivs 4.0 International (CC BY-NC-ND) license (https://creativecommons.org/licenses/by-nc-nd/4.0/). https://doi.org/10.1063/5.0274782

I. INTRODUCTION

The understanding and control of turbulence-driven transport
remain major challenges in magnetically confined plasmas. Key drivers
of turbulence are microinstabilities, which arise due to gradients in
density, temperature, and velocity. Among them, the ion temperature
gradient (ITG) instability and the parallel velocity gradient (PVG)
instability are particularly relevant due to their direct impact on turbu-
lent transport. The ITG instability has been widely studied in toroidal
configurations, where it is recognized as a major contributor to turbu-
lent heat transport when the ion temperature gradient exceeds a criti-
cal threshold.1,2 This instability has been extensively analyzed using
gyrokinetic theory3 and simulations, providing insights into its nonlin-
ear saturation mechanisms and interaction with zonal flows.4

In contrast, the PVG instability, which arises due to a radial shear
in the parallel plasma flow, has received comparatively less attention
despite its relevance to drift-wave turbulence and shear-flow-induced
transport. PVG turbulence has been theoretically predicted in
various plasma configurations, including tokamaks, stellarators, and

open-field-line systems.5,6 Parallel shear flows are naturally present in
confined plasmas, particularly in the edge and scrape-off layer
(SOL) regions, where they result from neoclassical effects, external
momentum injection, plasma-wall interaction, or intrinsic plasma
rotation.7–10 Theoretical studies suggest that PVG-driven turbulence
can couple with drift waves, leading to enhanced transport or altered
turbulence characteristics depending on the system parameters.11–13

While experimental observations of PVG in toroidal devices
remain limited, linear plasma devices provide an ideal platform for
fundamental studies of PVG-driven turbulence due to their well-
controlled boundary conditions and simplified magnetic geometry.
PVG-driven turbulence has been experimentally observed in various
linear devices, including the QT-Upgrade machine, the Santander
Plasma Linear Machine (SPLM), and the Plasma Assembly for
Nonlinear Turbulence Analysis (PANTA), providing compelling evi-
dence of its role in plasma transport and turbulence dynamics.14–17

The Sheath, Plasma Edge and Kinetic Turbulence
Radiofrequency Experiment (SPEKTRE)18 is a new linear plasma
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device currently under construction at Institut Jean Lamour (IJL). One
of the main objectives of SPEKTRE is to investigate turbulence-driven
transport,19 including PVG-driven instabilities and their interactions
with other turbulence mechanisms. A recent theoretical development
has highlighted the role of impurities in modifying PVG-driven turbu-
lence.20 The ability to inject controlled impurities in SPEKTRE pro-
vides an opportunity to study this systematically predicted impurity-
modified PVG (i-PVG) instability. Moreover, SPEKTRE will allow for
detailed investigations of the transition between drift-wave-dominated
and shear-flow-dominated turbulence regimes, complementing the
findings from other linear devices.

The interplay between ITG and PVG instabilities remains an
open problem, even in cylindrical configurations. Previous studies
have suggested that PVG turbulence can either suppress or enhance
ITG-driven transport, depending on parameters such as flow shear
magnitude, collisionality and temperature gradients.21–24 The extent to
which PVG turbulence interacts with ITG modes, as well as the condi-
tions under which it dominates turbulent transport, requires further
investigation. In this study, the linear properties of ITG and PVG
instabilities in cylindrical geometry are investigated using two comple-
mentary approaches. First, a Water-bag kinetic model is used to derive
an analytical dispersion relation for ITG and PVG modes, providing
insight into their parametric dependencies and stability thresholds.
The Water-bag model has been successfully applied to ITG turbulence
and drift-wave instabilities in cylindrical geometry19,25 but has not yet
been used to study PVG instabilities. By extending the Water-bag for-
malism, this study aims to provide a theoretical framework for analyz-
ing ITG–PVG interactions in cylindrical geometry. Second, full-f 5D
gyrokinetic simulations are performed using the GYSELA code,26

which has been adapted for cylindrical configurations. Originally
designed for toroidal gyrokinetic simulations, GYSELA has been modi-
fied by removing toroidal curvature terms and adjusting equilibrium
profiles to match cylindrical setups. The comparison between Water-
bag predictions and gyrokinetic simulations allows for the validation
of linear theories, which provide analytical instability thresholds, as
well as insight into the role of finite Larmor radius (FLR) effects and
flow shear stabilization mechanisms.

A kinetic treatment of the problem has been chosen over a fluid
one. Fluid models overestimate the ITG instability growth rate by
approximately a factor of 1.5 compared to kinetic models.19 As we will
see in Sec. IIID, the kinetic and fluid instability thresholds are also dif-
ferent. Furthermore, in all the simulations we perform, the phase
velocity is of the same order of magnitude as the ion thermal velocity
(vu ¼ x=kk � vTi � 105 m s�1), meaning that the instability growth
rate is strongly dependent on resonant wave–particle interactions,
which are not described by fluid models.

This paper is organized as follows. Section II presents the numeri-
cal model and describes the modifications made to GYSELA for cylin-
drical simulations. Section III introduces the Water-bag model and
derives the dispersion relation for ITG and PVG instabilities. Section
IV compares the analytical predictions with gyrokinetic simulations,
highlighting agreements and discrepancies. Section V summarizes the
findings and discusses future directions, including nonlinear turbu-
lence studies.

II. NUMERICAL MODEL

The gyrokinetic framework allows for time scale separation
between the fast gyromotion of charged particles and the slow drift

motion across magnetic field lines. A system of coordinates is intro-
duced, describing the evolution of the system in the gyro-center
phase-space rather than in the particle phase-space. As a result, low-
frequency electrostatic fluctuations can be described at a reduced com-
puting time cost thanks to the elimination of the gyroangle coordinate.
The symmetry and energy conservation law of the equations are
ensured by using a Hamiltonian representation.3 The code we describe
below is based on this type of model.

A. The GYSELA code

The full-f gyrokinetic code GYSELA26 enables the study of the
interplay between the ITG and PVG instabilities in a 5D phase-space
(xGC;s, vGk;s, ls). These quantities stand for the gyro-center position,
the parallel velocity, and the magnetic moment, respectively. The code
solves for each ion species the gyrokinetic equation coupled to the
quasi-neutrality equation, so the ion distribution function of each ion
species �Fs (the subscript s stands for the species considered) is calcu-
lated self-consistently with the electric potential U. Considering adia-
batic electrons, the model in the version of GYSELA we used reads

B�
k;s
@�Fs

@t
þr � B�

k;s
dxGC;s
dt

�Fs

� �
þ @

@vGk;s
B�
k;s
dvGk;s
dt

�Fs

� �
¼ Sð�FsÞ;

(1)

ene0
U� hUiFS

Te0

� �
�
X
s

Zsr? � ns0
B0Xc;s

r?U
� �

¼
X
s

Zs

ð
dvsJ �Fs � �Feq;s

� �
; (2)

with

B�
s ¼ Bþms

qs
vGk;sr� b: (3)

The terms in Eq. (2) are, from left to right, the adiabatic electrons’
response, the polarization density in the limit of large wavelengths
compared to the Larmor radius, and the particle density fluctuations.
B�
k;s is obtained by projecting Eq. (3) on b ¼ B=B, the unit vector along

the magnetic field direction at the guiding-center position, with ms the
mass of the considered species and qs ¼ Zse its charge. An ion species
s is also characterized by its density at the initial time ns0 and its cyclo-
tron pulsation Xc;s ¼ qsB0=ms. The initial electron density ne0 and the
initial electron thermal energy Te0 , also appear in the equation system
above.

The notation h…iFS ¼
Ð Ð

:::Jvdhdu=
Ð Ð

Jvdhdu indicates a
flux-surface averaged quantity, Jv being the Jacobian in space. The
gyroaverage operator is applied to the ion distribution function to
account for FLR effects and is written as J ½…� ¼ Þ :::duc=2p, with uc

the gyro-phase angle. The operator performs a spatial transformation
from particle to gyrocenter coordinates, effectively decoupling the fast
gyromotion from the guiding-center dynamics. The bar in �Fs � J ½Fs�
refers to the gyroaverage operation on the ion distribution function.
dvs ¼ Jv;sdldvk is the infinitesimal volume element in the velocity
space and depends on Jv;s ¼ 2pB�

k;s=ms, the Jacobian in velocity space.
GYSELA can model both neoclassical and turbulent transport chan-
nels self-consistently, taking into account the synergies between
them.27
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All the quantities in GYSELA are normalized to reference values
as follows: the mass is normalized to m0, the number of charges to Z0,
the density to n0, the thermal energy to T0, the magnetic field to B0,
the electric potential to T0=Z0e, the length scales to a reference Larmor
radius q0 ¼

ffiffiffiffiffiffiffiffiffiffiffi
T0m0

p
=Z0eB0, the time scales to the inverse of a refer-

ence cyclotron pulsation Xc0 ¼ Z0eB0=m0, the drift velocities to a ref-
erence thermal velocity vT0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
T0=m0

p
, and the toroidal velocity of

species s to vT0 ;s ¼ vT0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m0=ms

p
. It should be noted that in GYSELA,

for an infinite safety factor, the toroidal velocity and the parallel veloc-
ity are analogous. The density and temperature gradients are normal-
ized to R0 the major radius of the torus at the magnetic axis.

In this paper, the source terms Sð�FsÞ ¼ Sheat þ Smom include
contributions from a pure heat source Sheat and from a pure momen-
tum source Smom. The turbulence is forced with Sheat in the flux-driven
regime of the code, and allows simulations to reach a steady state. We
use the momentum source to create a parallel velocity gradient in the
radial direction that causes the PVG instability. The source terms are
obtained by decomposing the energy-dependent part of the source
based on orthogonal Hermite and Laguerre polynomials. Following
the method presented in Ref. 28, the two source terms mentioned
above take the following form:

Sheat ¼ SE0S
E
rffiffiffi

2
p

p3=2T5=2
sce

�v2Gk �
1
2
� JkB
2� J2kB

ð2� �lÞð2�vGk � JkBÞ
" #

e��v
2
Gk��l

;

(4)

Smom ¼ S
vk
0 S

vk
r

4p3=2T2
sce

2�vGkð2� �lÞ � JkBð1þ 2�v2Gk � �lÞ
h i

e��v
2
Gk��l

: (5)

In both expressions, the parallel velocity is normalized with
�vGk ¼ vGk=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Tsce=ms

p
, the magnetic moment with �l ¼ lB=Tsce and

the parallel current Jk with JkB ¼ ffiffiffiffiffiffiffiffiffi
2Tsce

p
Jk=B2, where Tsce refers to the

source of thermal energy normalized to T0 and is fixed at 1.5 for the
heat source and 1 for the momentum source. SE0 and S

vk
0 are, respec-

tively, the normalized amplitude of the heat source and the momen-
tum source. The source radial profiles, denoted as SEr and S

vk
r , and

represented in Fig. 1, depending on the position of the source qs along
the normalized radius q ¼ r=a, a being the minor radius, and on the
width of the source Ls

SEr ¼ � 1
2

tanh
q� qs � 3Ls

Ls

� �
þ tanh

qs � 3Ls � q
Ls

� �� �
; (6)

S
vk
r ¼ exp

�ðq� qsÞ2
10L2s

 !
: (7)

Note that momentum sources resulting from neutral beam injec-
tion in tokamak plasmas are likely broader than the one retained in
present simulations and depicted in Fig. 1 (cf., e.g., Ref. 29) However,
the scope of this paper is the study of PVG and ITG instabilities in the
linear regime, rather than taking into account the nonlinear effects
linked to the more complex parallel velocity profile of experimental
devices.

B. Cylindrical version of GYSELA

To predict the instabilities in linear devices with GYSELA, we
select certain input parameters to modify the original geometry of the
code from toroidal to a cylindrical one. First, we take a high value for
the aspect ratio 1=� ¼ R0=a so the curvature radius of the torus can be
considered infinite. The magnetic drift terms, due to the gradient and
the curvature of the magnetic field, are set to zero in the expression of
the drift velocity vD. The plasma current along the magnetic axis is
weak in a linear device, meaning that the poloidal component of the
magnetic field is negligible. To take this property into account, the
safety factor q is set to a very high value. Note that the code in its non-
modified version applies periodic boundary conditions to the toroidal
direction, meaning that the system is treated as an infinite cylinder in
the cylindrical version. With these parameters, the geometry in
GYSELA can be approximated to a cylinder locally. We developed an
analytical model, described in Sec. III, to verify the ability of GYSELA
to correctly estimate linear results in cylindrical machines using this
set of parameters.

III. ANALYTICAL LINEAR STUDY
A. The water-bag model

As a means of comparison between GYSELA in the cylindrical
approximation and our analytical model, we use the growth rate and
the angular frequency of the unstable modes. To obtain said quantities,
one must first determine the dispersion relation of the problem. We
chose to use a Water-bag25,30 approach. The idea is to take advantage
of Liouville’s phase space conservation property. For the collisionless
gyrokinetic equation, the distribution function �Fs is constant along the
characteristics

@�Fs

@t
þ vD � r�Fs þ _vk

@�Fs

@vk
¼ 0; (8)

with vD is the drift velocity. This property allows us to perform a dis-
cretization of the continuous distribution function into a set of “bags,”
each bag corresponding to a certain array of values for vk. Let us
describe �Fs with a Heaviside step-function

fWBðr; vk; tÞ ¼
XM
j¼1

Aj Hðvk � v�j ðr; tÞÞ � Hðvk � vþj ðr; tÞÞ
h i

; (9)

where M represents the number of bags and H is the Heaviside func-
tion. In the case without collision, the bag heights Aj are exact

FIG. 1. Radial profiles of heat and momentum sources applied to the ions in
GYSELA.
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invariants of the problem. This expression of �Fs can then be injected
into the Vlasov equation defined in Eq. (8) to obtain the contour
equations

@v6j
@t

þ vD � rv6j ¼ _v6j ¼ qs�Ek
ms

: (10)

The symbol “þ” in the contours v6j indicates a parallel velocity
higher than a given value, while the symbol “�” corresponds to paral-
lel velocities lower than this value (see Fig. 2). The quantity �Ek
¼ �rkðJ0UÞ is the parallel component of the electric field applied to
the gyrocenters, with J0 the zeroth-order Bessel function of argument
k?qc;s corresponding to the Fourier transform of the gyroaverage
operator J . k? is the perpendicular wavenumber and qc;s is the
Larmor radius of species s. There is a contour equation per value of
magnetic moment l, since this quantity is just a parameter in the gyro-
kinetic model. In Eq. (10), the time evolution of the distribution func-
tion is entirely described by its contours v6j ðr; tÞ, i.e., the distribution
of the bags along the vk-axis. Doing so eliminates the vk variable from
the Vlasov equation, replacing the @vk operator by a finite sum on the
parallel velocity. The vk dependence of the gyrokinetic equation is
retrieved through the contours v6j . With this representation of �Fs, one
has to handleM fluid equations, one for each bag, instead of a gyroki-
netic equation, while still retaining kinetic effects. Indeed, a density
nj ¼ Ajðvþj � v�j Þ and a mean velocity uj ¼ ðvþj þ v�j Þ=2 can be
defined for each bag, denoted with the subscript j. The different fluids
are coupled through the quasineutrality equation. The gyrokinetic
model is recovered by considering an infinite number of bags.
However, as we will see in Sec. IV, a finite number of bags is sufficient
to find a good estimation of the kinetic linear growth rates, both for
ITG and PVG instabilities. One must note that the Water-bag model is
not an approximation of the kinetic equation of motion, but the choice
of a particular form for its solutions. Describing the continuous distri-
bution function with Water bags should then be seen as an exact
reduction of the phase space dimension.

The Water-bag model can describe any distribution function by
choosing appropriate values for Aj and v6j . To study the ITG

instability, we take a Maxwellian distribution function initially cen-
tered at vk ¼ 0. The contours at the initial time are then symmetric
and take the form vþj ¼ aj and v�j ¼ �aj. To correctly model the
PVG instability, however, a parallel velocity vk0ðrÞ at equilibrium must
be considered. The corresponding distribution function is centered on
vk0, but its shape remains the same, i.e., a Maxwellian. As a result, the
contours at equilibrium are centered around vk0, which can be non-
zero, and must now be written as vþj ¼ aþj and v�j ¼ �a�j , which is
new when compared to Refs. 19, 25, and 30. A distribution function
obtained with the Water-bag model is depicted in Fig. 2. Here, we con-
sider a regular distribution of the contours at equilibrium, so the inter-
val Da ¼ 2amax=ð2M � 1Þ between each contour is the same. The
parameter amax is the contour corresponding to the maximum abso-
lute value of parallel velocity taken into account in the Water-bag
model.

We consider a plasma with a cylindrical geometry (r, h, z)
immersed in a magnetic field B ¼ Buz , with uz the unit vector in the
axial direction is constant in time and space. Collisions are neglected,
so the Water-bag model can be applied to the ion distribution func-
tion. Although the introduction of collisions to the model could
change the quantitative results of the paper, the trends should remain
the same. We assume small wave pulsations x compared to the cyclo-
tron pulsation Xc;s, so that plasma fluctuations are slow compared to
X�1

c;s . Since B is homogeneous and only along the uz direction, the
magnetic curvature and gradient drifts vanish, and the only guiding-
center drift remaining is the electric drift. Thus, the ion guiding-center
velocity vD is written as follows:

vD ¼ vkuz þ
�E�B
B2

; (11)

with �E ¼�rðJ0UÞ the electric field undergone by the guiding cen-
ters. For the rest of this paper, we consider a single ion species, whose
associated quantities are denoted with the subscript i and electrons
denoted with the subscript e. The ion density is obtained via Eq. (10),
linked to v6j through the equation coupling the bags

ni ¼
ð
�Fidvk ¼

XM
j¼1

Aj v
þ
j � v�j

h i
; (12)

with �Fi as the continuous distribution function of the ion species con-
sidered. We take the phase velocity of the instabilities to be of the same
order as the ion thermal speed, meaning that the electron inertia can
be neglected. In other words, an adiabatic response is assumed for the
electrons. The perturbing potential energy is also taken to be small
compared to the electron thermal energy. These hypotheses give a rela-
tion between the perturbed electron density amplitude ne1 and the per-
turbed electric potential amplitude /

ne1 ¼
e/
Te0

ne0 : (13)

The initial electric potential is taken to be zero. The ion and elec-
tron populations are coupled through the quasineutrality equation,
which reads

ne ¼ Zi

ð
J �Fi½ �dvk þ r? � ni0

Xc;iB
r?U

� �" #
: (14)

FIG. 2. Continuous distribution function (in red) described by a Water-bag distribu-
tion function (in blue) for M ¼ 3 plotted against the parallel velocity. Aj ¼ Fj � Fjþ1
is the j th bag height, with Fj the value of the distribution function for this bag. The
symbol “þ” in the contours a6j indicates a parallel velocity higher than vk0, while
the symbol “�” corresponds to parallel velocities lower than vk0.
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The second term on the right-hand side is the polarization den-
sity, due to the polarization drift. It accounts for the time evolution of
the electric field, which modifies the Larmor radius of the electric par-
ticles during a cyclotron period. This phenomenon gives rise to a drift
perpendicular to the magnetic field. The drift causes a current, whose
divergence leads to a charge accumulation, i.e., the polarization den-
sity. This term replaces the displacement current in the quasineutral
limit of gyrokinetic equations. This operation improves the stability of
the numerical scheme.

B. Dispersion relation for the water-bag model

We consider small perturbations around the equilibrium, allow-
ing us to separate the velocities v6j , the electric potential U, and the
densities ni and ne, into an equilibrium term (designated by the sub-
script “0”) and a linear perturbation term (designated by the subscript
“1”). The perturbations are decomposed into a Fourier basis in the h
and z directions. The aforementioned quantities read as follows:

v6j ¼ a6j ðrÞ þ w6
j ðrÞ exp iðmhþ kkz � xtÞ� �þ c:c:; (15)

Uðr; h; z; tÞ ¼ /ðrÞ exp iðmhþ kkz � xtÞ� �þ c:c:; (16)

ni ¼ ni0ðrÞ þ ni1ðrÞ exp iðmhþ kkz � xtÞ� �þ c:c:; (17)

ne ¼ ne0ðrÞ þ ne1ðrÞ exp iðmhþ kkz � xtÞ� �þ c:c:; (18)

with m is linked to the azimuthal wavenumber through kh ¼ m=r, kk
the parallel wavenumber, and x the wave angular pulsation. As we
mentioned before, there is no electric potential /0 at equilibrium. The
quasineutrality at t ¼ 0 yields Zini0 ¼ ne0 . The equilibrium and linear
terms of Eq. (12) give, respectively,

ni0 ¼
XM
j¼1

Aj a
þ
j þ a�j

h i
; (19)

and

ni1 ¼
XM
j¼1

Aj w
þ
j � w�

j

h i
: (20)

The perturbed velocities w6
j are obtained by injecting Eq. (15)

into Eq. (10) and keeping only the first-order terms. Equation (20)
then becomes

ni1 ¼ J0/
XM
j¼1

Aj

qi
mi

k2kðaþj þ a�j Þ þ
kh
B
kk aþj

da�j
dr

� a�j
daþj
dr

� �
� kh

B
x

daþj
dr

þ da�j
dr

� �
ðx� kkaþj Þðxþ kka�j Þ

2
64

3
75
: (21)

Finally, the linearization of the quasineutrality equation defined
in Eq. (14) leads to a differential equation for /ðrÞ

d2/
dr2

þ jn þ 1
r

� �
d/
dr

þ QðrÞ � k2h
	 


/ðrÞ ¼ 0; (22)

with jn ¼ 1=Ln ¼ @r lnðni0Þ is the density gradient length and

QðrÞ ¼ 1
r2Li

J20
XM
j¼1

aj
k2kv

2
Ti
� xX�

j � khkkr2LiXc;ivj
� �

ðx� kkaþj Þðxþ kka�j Þ
� s
Zi

2
4

3
5: (23)

We define rLi ¼ vTi=Xc;i, vTi ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Ti0=mi

p
and s ¼ Ti0=Te0 . The

contours at equilibrium are related through a�j ¼ aþj � 2vk0 (see
Fig. 2). We have introduced the relative density aj and the diamagnetic
frequency X�

j of the j
th bag at the initial time

aj ¼
n0jPM

j¼1
n0j

¼ 2Ajðaþj � vk0Þ
ni0

; (24)

X�
j ¼

khv2Ti

Xc;i
jj; (25)

where n0j is the initial density of the jth bag. The radial dependence of
the bags appears through the parameters jj ¼ @r lnðn0jÞ. We also
define

vj ¼
a�j

daþj
dr � aþj

da�j
dr

� �
aþj þ a�j

¼ dvk0
dr

� vk0jj: (26)

Furthermore, we make the hypothesis that the radial dependence
of the bags is completely retrieved through the density and tempera-
ture gradients, so we can write jj as a linear combination of these two
gradients

jj ¼
daþj
dr þ da�j

dr

� �
aþj þ a�j

¼ 1
2

1� cj
aj

� �
jT þ cj

aj
jn; (27)

with jT ¼ 1=LT ¼ @r lnðTi0Þ is the temperature gradient length and
cj ¼ DaðFj þ Fjþ1Þ=ni0 .

The quantity QðrÞ in Eq. (22) accounts for the linear response of
the ion gyrocenter density to the perturbed potential. Compared to
other papers treating the subject of ITG and DW instabilities with the
Water-bag model,19,25,30,31 considering an injection of parallel velocity
vk0 in the system at equilibrium modifies the differential equation for
/ðrÞ by introducing a term proportional to vj and changing the
denominator in Eq. (23). The variable vj is of first importance because
it contains the PVG instability drive dvk0=dr and allows us to include
the latter in the model. In other words, setting vk0 and dvk0=dr to zero
allows one to retrieve the expression of QðrÞ for the ITG instability,
like the one derived in Ref. 25. In the same way, the ITG instability
drive is entirely contained in jj, via jT . Setting the latter to zero gives
the expression of QðrÞ for the pure PVG instability. In the present
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case, since the DW instability is outside the scope of this article, the
electron-neutral collision rate is chosen to be zero and the adiabatic
hypothesis for the electrons imposes that their velocity along the axis
of the cylinder is also zero.

In an attempt to obtain a dispersion relation analytically while
still retaining the radial extent of the perturbation modes, let us con-
strain the solution to the form /ðrÞ ¼ /0 exp½gðrÞ� for the potential
amplitude, gðrÞ being a function of its radial profile and /0 its maxi-
mal value on this profile, and inject it in Eq. (22). Then, we can define

jrðrÞ ¼ � @2g
@r2

þ @g
@r

� �2

þ jn þ 1
r

� �
@g
@r

" #
: (28)

The form of gðrÞ can be chosen so as to have a simple expression
for /ðrÞ and enables an easier derivation of the dispersion relation
compared to the general case, where the form of the profile of /ðrÞ is
unspecified. So, this “semi-global” method allows one to partially take
into account the radial profile of the perturbation modes.

Finally, the Water-bag model gives a dispersion relation in the
form of a 2Mth order polynomial

1þ Zi

s
r2Liðjr þ k2hÞ �

Zi

s
J20
XM
j¼1

aj
k2kv

2
Ti
� xX�

j � khkkr2LiXc;ivj
� �

ðx� kkaþj Þðxþ kka�j Þ

2
4

3
5

¼ 0 ¼ eðxÞ:
(29)

If we take symmetrical contours for the initial distribution func-
tion (aþj ¼ a�j ¼ aj) in Eq. (29) and neglect FLR effects, we retrieve
the dispersion relation for the ITG modes derived in Ref. 25. Note that
a local analysis implies / to be independent of r. In this case, we get
the same expression as Eq. (29) but with jr ¼ 0. The global effects in
our description are entirely contained in the correction jr . In the case
where one would want to solve Eq. (22) without restricting /ðrÞ to a
given form, either a shooting method32 or a spectral method33 can be
used. However, as we will see in Sec. IV, the “semi-global” dispersion
relation defined in Eq. (29) is adequate enough to predict the linear
results of the global code GYSELA.

C. Dispersion relation for the fluid model

From Eq. (8), we can also derive the first three fluid moments in
cylindrical geometry for ions, respectively, the continuity equation, the
momentum conservation equation, and the energy conservation
equation

Dni
Dt

þ ni
@uk
@z

� 1
rB

@U
@h

@ni
@r

þ 1
rB

@U
@r

@ni
@h

¼ 0; (30)

mini
Duk
Dt

þ 1
rB

@U
@r

@uk
@h

� @U
@h

@uk
@r

� �� �
¼ � @Pk

@z
� niqi

@U
@z

; (31)

DPk
Dt

þ 3Pk
@uk
@z

þ 2
@qheat
@z

þ 1
rB

@U
@r

@Pk
@h

� @U
@h

@Pk
@r

� �
¼ 0; (32)

where D
Dt ¼ @

@t þ uk @
@z, uk is the fluid velocity along z, Pk is the parallel

pressure, and qheat is the heat flux. We assume a Maxwellian distribu-
tion function, so the latter is zero. Compared to the fluid moments for
only ITG, terms with uk 6¼ 0 appear in all three equations. We linear-
ize Eqs. (30)–(32) and combine them with Eqs. (13) and (14). To

simplify, the gyroaverage operator is set to 1, and the polarization term
is set to 0 in the quasineutrality equation. We then get the fluid disper-
sion relation for ITG and PVG

~x3 þ Zikh
c2e
Xc;i

jn ~x
2 þ Zikhkk

c2e
Xc;i

duk0
dr

� k2kc
2
s

" #
~x

þ Zikhk
2
ks

c4e
Xc;i

jT � 2jnð Þ ¼ 0; (33)

with ~x ¼ x� kkuk0, ce ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Te0=mi

p
, and cs ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið3Ti0 þ ZiTe0Þ=mi

p
is the ion sound velocity. The subscript “0” refers to the equilibrium
term of the fluid quantities. The electric potential at the initial time /0
is set to zero. The ion pressure and thermal energy are related through
Pi0 ¼ ni0Ti0 .

In the cold ion limit, where we take Ti0 ¼ 0 and assume a zero
Doppler shift (uk0 ¼ 0), Eq. (33) is simplified to a second-order
polynomial

x2 þ Zikh
c2e
Xc;i

jnxþ Zikhkk
c2e
Xc;i

duk0
dr

� Zik
2
kc

2
e ¼ 0; (34)

which allows us to recover an instability criterion similar to the one
found in Ref. 34, showing that the PVG instability is stabilized by the
density gradient and is harder to destabilize for short parallel wave-
length and long azimuthal wavelength

1
Xc;i

duk0
dr

>
Zi

4
kh
kk

ce
Xc;i

jn

� �2

þ kk
kh

if
kk
kh

> 0

1
Xc;i

duk0
dr

<
Zi

4
kh
kk

ce
Xc;i

jn

� �2

þ kk
kh

if
kk
kh

< 0:

8>>>><
>>>>:

(35)

D. Linear study of the coexistence of ITG and PVG

We perform a linear study on the coexistence of the ITG and
PVG instabilities, with a custom code in cylindrical geometry based on
the Water-bag model. It solves Eq. (29) normalized to the reference
quantities presented in Sec. II A to determine the growth rate c and
angular frequency xr of any given perturbation mode. We run this
code to evaluate the influence of jT and dvk=dr on these two quanti-
ties. For each point (jT , dvk=dr), the code performs a scan in azi-
muthal mode numbers m 2 ½0; 500� and axial mode numbers
n 2 ½0;�75�. We eliminate the contributions of global effects and
gyroaverage on c and xr by choosing jr ¼ 0 and J0 ¼ 1. The quanti-
ties are calculated at q ¼ 0:5. We take M ¼ 25 bags to ensure the
results are converged. The results are depicted in Fig. 3 for an arbitrary
set of normalized parameters. For each point in Fig. 3(a), the corre-
sponding angular frequency xr is given in Fig. 3(b), for the same
parameters. The same method is applied in Fig. 4, but instead of look-
ing for the most unstable mode, we focus on a specific mode, namely,
the mode (m ¼ 80, n ¼ �20), and neglect the polarization effects.
The sign of xr depends on the direction of propagation of the pertur-
bation wave compared to the direction of the electron diamagnetic
velocity v � ;e ¼ � Te

eB ðjT;e þ jn;eÞuh, with uh the unit vector in the azi-
muthal direction. When c ¼ 0, the corresponding value of xr is not
plotted.

Let us focus on the g 	 0 domain first, with g ¼ jT=jn
¼ Ln=LT the ratio of the ion temperature to ion density gradient
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lengths, the latter being set to jn ¼ 200 for this example. By looking at
the curve for dvk=dr ¼ 0 in Fig. 3(a), one can note that the growth
rate becomes positive only for g > 2. This result makes sense since the
PVG instability needs a parallel velocity gradient to be triggered and
the ITG instability appears only when a critical value of g is exceeded.4

This is consistent with a pure ITG instability in this zero-shear case.
This idea is reinforced by the fact that xr in Fig. 3(b) for the curve
dvk=dr ¼ 0 is negative for g > 2. For the red curve
(dvk=dr ¼ �0:01), a shearing is introduced. Compared to the previ-
ous case, c can now be non-zero in the domain 0 
 g 
 2. One can
also notice that xr > 0 in this range of values, which indicates that the
instability, although possibly hybrid between ITG and PVG, is in some
sense closer to a PVG. However, this cPVG is not monotonic. It first
decreases before reaching zero, and then its values start increasing.
One can make the hypothesis that this initial decrease is due to the sta-
bilizing effect of jT on cPVG, which is consistent with the results found
in Ref. 21. If the temperature gradient keeps increasing, the ITG insta-
bility eventually becomes dominant [xr < 0 in Fig. 3(b)]. In this
region, the dvk=dr ¼ �0:01 curve is above the dvk=dr ¼ 0 curve for
any given value of g. The reason could be the phenomenon described
in Ref. 35, namely, that dvk=dr strengthens the ITG modes’ growth
rate, or because ITG and PVG reinforce each other. Finally, if we take
a stronger parallel velocity gradient (dvk=dr ¼ �0:03), the stabilizing
effect of jT on cPVG is still observed, but is not large enough to

compensate for the strong PVG drive, which means that c is above
zero for any value of g. For this large parallel velocity gradient,xr stays
positive for higher values of g, compared to the case where
dvk=dr ¼ �0:01.

Now taking into account negative values of g, we notice an asym-
metry in growth rates between positive and negative values of g. In an
attempt to explain this, we compare Fig. 4 to the instability threshold
in terms of jn and jT of the mode (80,�20). The results are plotted in
Fig. 5 for dvk=dr ¼ 0 and in Fig. 6 for dvk=dr ¼ �0:01. The fluid
threshold is obtained by analytically solving Eq. (33). For the kinetic
threshold, we solve the following system satisfied by the dielectric
plasma function eðxÞ [see Eq. (29)], with J0 ¼ 1 and no polarization

eðxÞ ¼ 0; (36)

de
dx

ðxÞ ¼ 0:

Then, a numerical parametric resolution in terms of x is done on
Eq. (36) forM ¼ 25. In Fig. 5, we recover the ITG instability threshold
since dvk=dr ¼ 0. There is a stability region around jT ¼ 0 for any
value of jn. This stability region disappears in Fig. 6, which means that
for dvk=dr ¼ �0:01 and jn small enough, the plasma is unstable for
any values of jT because of the destabilization of PVG by the parallel

FIG. 4. (a) Instability growth rate c and (b) angular frequency xr for a given pertur-
bation mode (80, �20) with no polarization effects, plotted against jT ½�R�1

0 �
¼ �R0=LT , or equivalently g ¼ jT=jn as indicated at the top, for several values
of parallel velocity gradient dvk=dr . Results obtained with a linear cylindrical code
based on the Water-bag model and for the arbitrary set of normalized parameters
jn½�R�1

0 � ¼ 200, Ti ½T0� ¼ 1 and vk0½vT0
ffiffiffiffiffiffiffiffiffiffiffiffiffi
m0=ms

p � ¼ 0:01. Values of xr corre-
sponding to c ¼ 0 are not plotted. The dashed black line indicates xr ¼ 0. jT and
g axes are shared between the two graphs.

FIG. 3. (a) Instability growth rate c and (b) angular frequency xr for the fastest
growing mode, plotted against jT ½�R�1

0 � ¼ �R0=LT , or equivalently g ¼ jT=jn
as indicated at the top, for several values of parallel velocity gradient dvk=dr .
Results obtained with a linear cylindrical code based on the Water-bag model and
for the arbitrary set of normalized parameters jn½�R�1

0 � ¼ 200, Ti ½T0� ¼ 1 and
vk0½vT0

ffiffiffiffiffiffiffiffiffiffiffiffiffi
m0=ms

p � ¼ 0:01. Values of xr corresponding to c ¼ 0 are not plotted.
The dashed black line indicates xr ¼ 0. jT and g axes are shared between the
two graphs.
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velocity gradient. The comparison of Figs. 5 and 6 with, respectively,
the dvk=dr ¼ 0 curve and the dvk=dr ¼ �0:01 curve of Fig. 4(a)
allows us to interpret the asymmetry in growth rates in the latter.
Indeed, we notice that the values of jT for which the growth rate is
non-zero in Fig. 4(a) correspond to unstable regions in Figs. 5 and 6.
The graphs show that, for a given value of jn, reaching an unstable
region does not require the same value of jT depending on its sign.
This asymmetry becomes stronger when the value of jn increases. We
can also see that for some values of jn, the fluid and kinetic thresholds
have opposite asymmetries. Nonetheless, they give the same trend
when jn is high enough, namely, that the plasma is more easily desta-
bilized by the ITG-PVG instability when g is positive.

The evolution of the azimuthal mode number m and the axial
mode number n for the fastest growing mode as a function of g is plot-
ted in Fig. 7 for several values of parallel velocity gradient. From these
graphs, as well as Fig. 3(b), we can infer that the further xr is from
zero, the closer the associatedm is to zero and the further n is. We also
see that the outliers in Fig. 7 can be found in Fig. 3(b) as well. Figures
7(a) and 7(c) show a smooth evolution of (m, n) with g, meaning that
there is no jump from an instability branch to another. The evolution

of m is steeper in the region 0 
 g 
 2 of Fig. 7(b) compared to
Fig. 7(c), but the growth rate is small in this region.

It is also instructive to plot the evolution c and xr of the most
unstable mode relative to the parallel velocity gradient for given values
of g. These graphs can be found in Fig. 8 for jn ¼ 200. The g ¼ 0 and
g ¼ 1 curves correspond to pure PVG modes since the ITG instability
criterion is not satisfied in these cases. Moreover, in Fig. 8(b), xr is
positive for these modes, even for small values of parallel velocity gra-
dient. Nonetheless, we see in Fig. 8(a) that cðg ¼ 0Þ is greater than
cðg ¼ 1Þ, for any value of dvk=dr, once again showing a stabilizing
effect of jT on cPVG. The g ¼ 3 curve corresponds to a situation where
both ITG and PVG instability criteria can be satisfied. According to
Fig. 8(b), the instability is closer to an ITG for dvk=dr > �0:0125 and

FIG. 6. Same legend as Fig. 5 with dvjj=dr ½vT0= q0
ffiffiffiffiffi
As

p	 

� ¼ �0:01. The dashed

green line indicates that the two solutions of jT ½�R�1
0 � ¼ f ðjn½�R�1

0 �Þ are the
same for these values of jn½�R�1

0 �.
FIG. 7. Azimuthal mode number m and axial mode number n for the fastest growing
mode, plotted against jT ½�R�1

0 � ¼ �R0=LT , or equivalently g ¼ jT=jn as indi-
cated at the top, for (a) dvk=dr ¼ 0, (b)dvk=dr ¼ �0:01, and (c)
dvk=dr ¼ �0:03. Results obtained with a linear cylindrical code based on the
Water-bag model and for the arbitrary set of normalized parameters
jn½�R�1

0 � ¼ 200, Ti ½T0� ¼ 1 and vk0½vT0
ffiffiffiffiffiffiffiffiffiffiffiffiffi
m0=ms

p � ¼ 0:01. Values of (m, n) cor-
responding to c ¼ 0 are not plotted. The dashed black line indicates m ¼ 0 and
n ¼ 0. jT and g axes are shared between the three graphs.

FIG. 5. Instability threshold for the perturbation mode (m ¼ 80, n ¼ �20). The
polarization effects are neglected. We take Ti ½T0� ¼ 1, vk0½vT0

ffiffiffiffiffiffiffiffiffiffiffiffiffi
m0=ms

p � ¼ 0:01
and dvjj=dr ½vT0= q0

ffiffiffiffiffi
As

p	 

� ¼ 0, with As the mass number of the considered spe-

cies. The kinetic curve is obtained for M ¼ 25. The strong fluctuations on the kinetic
curve are due to the fact that the instability thresholds in the Water-bag model have
a lobe-like structure. This is a consequence of the discretization of the velocity dis-
tribution function in this model.
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to a PVG for dvk=dr < �0:0125. For relatively small values of parallel
velocity gradient, cðg ¼ 3Þ is above the two other curves. However,
when dvk=dr increases, its evolution is less steep than the cðg ¼ 0Þ
and cðg ¼ 1Þ curves. Again, this phenomenon could be explained by
the stabilization effect of the ion temperature gradient on the PVG
instability or by a competition between ITG and PVG instabilities.

A summary of the results presented in this section can be found
in Table I.

IV. COMPARISON BETWEEN GYSELA AND THE
ANALYTICAL MODEL RESULTS

The focus of this section is to show that the GYSELA code can
predict with good accuracy linear results in devices with cylindrical
geometry.We emulate these cylindrical conditions with the parameters
defined in Sec. IIB. The goal is to calculate the growth rate c and the
angular frequency xr of some perturbation modes, with GYSELA on
one hand and with the code using Water-bags introduced in Sec. IIID
on the other hand, and compare them. We perform three types of sim-
ulations: one where only the ITG instability is triggered (Sec. IVA),
another one where the perturbation modes are only subject to the
PVG instability (Sec. IVB), and one where both instabilities are trig-
gered (Sec. IVC). The parameters used in these simulations are sum-
marized in Table II, and the normalization introduced in Sec. IIA is
applied to all these parameters.

In all the GYSELA simulations, we take deuterium, characterized
by its number of charge Zi ¼ 1 and its mass number Ai ¼ 2, as the
only ion species. The radial domain goes from qmin ¼ 0:002 to
qmax ¼ 1. A diffusive buffer is present at the edge to attenuate numeri-
cal oscillations. Dirichlet boundary conditions impose that
/ðqmaxÞ ¼ 0, while Er ¼ 0 at q ¼ qmin. The problem is solved for
q > 0 to avoid the singularity in 1=r. Although the point q ¼ 0 is not
contained in the simulation domain, B0 is calculated on the magnetic
axis. All non-axisymmetric fluctuations are forced to zero at both
radial boundaries. The parallel velocity is in the range �7 < vk;i < 7.
For simplicity’s sake, the magnetic moment l is set to zero, meaning
that J0 ¼ 1, but FLR effects are still partially taken into account with
the polarization term in Eq. (14). The aspect ratio 1=� is set to a high
value in an attempt to get close to a cylindrical geometry. In addition,
we take a very large value to the safety factor, which allows the toroidal
magnetic field component to be overwhelmingly large compared to
the poloidal component, rendering the latter negligible. The initial
temperature and density radial profiles are described by the same func-
tion as the one given in Ref. 26. There are no collisions in the simula-
tions we carried out, so Liouville’s phase space conservation property
is respected. There is no momentum injection in the “ITG only” simu-
lation, while in the two other ones, S

vk
0 is non-zero during a certain

time interval (see Table II) to trigger the PVG instability. The heat
source is the same in all cases. The growth rates and angular frequen-
cies are all calculated at a certain radius r ¼ rp. The former is com-
puted by performing a linear fit on the linear growth phase of the /ðtÞ
curve corresponding to the (m,n) mode considered, and the latter by
analyzing jReð/m;nÞj=j/m;nj during that phase, /m;n being the electric
potential in the Fourier space for a given mode and Reð/m;nÞ being its
real part.

We use the same parameters in the Water-bag model and in the
GYSELA simulations described in Table II to determine the growth
rates and angular frequencies of several azimuthal mode numbers m
for a given axial mode number n. As in Sec. IIID, we takeM ¼ 25 and
J0 ¼ 1. However, we refer to Eq. (28) for jr . The function gðrÞ in the
expression of jr has the following form:

gðrÞ ¼ � ðr � r0Þ2
ðDrÞ2 ; (37)

where r0 and Dr are chosen to fit the radial profile of the mode. The
latter is extracted from the GYSELA simulation with the same set of
parameters as the linear code and for the corresponding mode. Even
though jr allows the code to take into account global effects to some
extent, it remains a local code by essence since we choose a radius rp
for which the dispersion relation is solved. Note that the closer to zero
the value of q� is, the more accurate the local approximation will be.36

The plasma quantities are evaluated at the location rp � r0;max , which
corresponds to the position of the peak for the maximal radial ampli-
tude /ðrÞ among themmodes, for a given n.

A. Case with the ITG instability only

We take g ¼ jT=jn ¼ 4 and



Mk

jvk
jn




 ¼ 0, following the param-
eters chosen in Ref. 6, during the whole simulation, so only the ITG
instability criterion is satisfied. Here, we have definedMk ¼ vk;i=cs the
parallel Mach number and jvk ¼ @r lnðvk;iÞ. In Fig. 9(a), we compare
the growth rates determined by the GYSELA code to the growth rates

FIG. 8. (a) Instability growth rate c and (b) angular frequency xr for the fastest
growing mode, plotted against the parallel velocity gradient dvk=dr , for several val-
ues of g ¼ jT=jn. Results obtained with a linear cylindrical code based on the
Water-bag model and for the arbitrary set of normalized parameters
jn½�R�1

0 � ¼ 200, Ti ½T0� ¼ 1 and vk0½vT0
ffiffiffiffiffiffiffiffiffiffiffiffiffi
m0=ms

p � ¼ 0:01. Values of xr corre-
sponding to c ¼ 0 are not plotted. The dashed black line indicates xr ¼ 0. dvk=dr
axis is shared between the two graphs.
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TABLE II. Normalized parameters chosen for the GYSELA simulations. Dt denotes the time step. Nr , Nh, Nu, Nvk , Nl are respectively the number of grid points along the r, h,
u, vk, and l directions. q� ¼ qc;i=a is the normalized gyroradius, 1=� ¼ R0=a is the aspect ratio, and q is the safety factor. The maximum density and temperature gradients
for the deuterium are located at r=a ¼ 0:5. The radial profile of the heat source is defined by qs;heat ¼ 0:01 and Ls;heat ¼ 0:1 and the radial profile of the momentum source by
qs;mom ¼ 0:44 and Ls;mom ¼ 0:015 [see Eqs. (4) and (5)]. The momentum source is activated in the “PVG only” and “ITG and PVG” simulations at the time t1. In the “PVG
only” case, we activate the momentum source from the beginning of the simulation. We first choose a high value of amplitude, then a small value once the PVG criterion is satis-
fied at approximately t2 ¼ 9000X�1

c0 . In the “ITG and PVG” case, we wait until t1 ¼ 74000X�1
c0 before activating the momentum source to allow the ITG modes to grow suffi-

ciently. Then, we choose a high value of S
vk
0 , so the PVG instability threshold is quickly exceeded. Once this criterion is satisfied, the amplitude of the momentum source is set

to zero at t2 ¼ 80000X�1
c0 and for the rest of the simulation.

Parameters ITG only PVG only ITG and PVG

Zi, Ai 1, 2
Dt½X�1

c0 � 20
Nr � Nh � Nu � Nvk � Nl 256� 257� 65� 128� 1
q� 1=200
1=� 100
q 1030

s 1
jn½�R�1

0 �ðr=a ¼ 0:5Þ 20
jT ½�R�1

0 �ðr=a ¼ 0:5Þ 80 20 80
SE0 0.0003
S
vk
0 (between t1 and t2) 0 0.01 0.02
S
vk
0 (between t2 and t ! 1) 0 0.0005 0
t1½X�1

c0 � � 0 74 000
t2½X�1

c0 � � 9000 80 000
Dr½q0� 21.7 4.0

TABLE I. Summary of the results presented in Figs. 3–8 regarding the coexistence of ITG and PVG in the linear regime. The range of the normalized parameters, the dominant
instability, and key observations for each case are listed.

Fig. #

Parameters range

Main instability Key observationsjT , jn
dvk
dr m, n

3 jT 2 ½�1000;
1000]

jn ¼ 200

0 m 2 ½0; 500�
n 2 ½�75; 0�

ITG (for g > 2) PVG not triggered
ITG threshold visible at g � 2

�0:01 PVG for 0 
 g 
 2
ITG dominant for g > 2

Stabilizing effect of jT on PVG
Destabilizing effect of

dvk=dr on ITG
�0:03 PVG Strong PVG drive

c > 0 for any value of g
4 0;�0:01;�0:03 m¼ 80

n¼�20
Same as Fig. 3 Asymmetry in cðgÞ

Unstable regions in Figs. 5 and 6

5 jT 2 ½�1000;
1000]

jn 2 ½�250; 250]

0 ITG Unstable regions asymmetric
in jT

Kinetic and fluid thresholds
can have opposite asymmetries

6 �0:01 � � � For small jn, c > 0 for
any value of g

7 jT 2 ½�1000; 1000]
jn ¼ 200

0;�0:01;�0:03 m 2 ½0; 500�
n 2 ½�75; 0�

� � � No jump from an instability
branch to another

8 jT ¼ 0; 200
jn ¼ 200

2 ½�0:025; 0� PVG Stabilizing effect of jT on PVG

jT ¼ 600
jn ¼ 200

ITG for 0.0125
PVG for dvk=dr < �0:0125
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obtained through the linear cylindrical code by plotting them against
the azimuthal mode numbersm, for a given axial mode n. We see that
for the values of n and q we chose, the modes m 
 20 are linearly sta-
ble. The same procedure is applied to the angular frequencies and rep-
resented in Fig. 9(b). As expected, xr is negative because the
perturbation wave associated with ITG propagates in the direction
opposite to the electron diamagnetic drift, in our convention. Indeed,
with the right-hand rule for uh with respect to B, the electron diamag-
netic drift is in the same direction as uh. In both cases, we find a very
good agreement between the two curves, despite the fact that we com-
pare a global nonlinear code with a local linear one. Note that, unlike
the growth rate, the dependence of xr on the choice of rp is weak, as
shown in Ref. 19. This could explain why the discrepancy between the
GYSELA curve and the linear code curve is smaller for xr than for c.

B. Case with the PVG instability only

We take g ¼ 1 and


Mk

jvk
jn



 � 3 (with Mk � 0:018) at the time
c and xr are computed, so only the PVG instability is triggered. The
comparison between the GYSELA code and the linear code in terms of
growth rate is plotted in Fig. 10(a), while the comparison in terms of
angular frequency is plotted in Fig. 10(b). Once again, a very good
agreement is found between the two codes. The perturbation modes
associated with the PVG instability are unstable for lower values of m
compared to the case presented in Sec. IVA, at least for the values of n
and q used. Also, the growth rates of PVG are approximately one
order higher than the growth rates of ITG for the chosen parameters.

In Fig. 10(b), the angular frequencies are positive because the PVG
instability propagates in the electron diamagnetic velocity direction.

C. Case where the ITG and PVG instabilities coexist

We perform a simulation where we attempt to trigger both the
ITG and PVG instabilities by taking g ¼ 4 and jMk

jvk
jn

j � 3:57. The
growth rates and angular frequencies obtained with the GYSELA code
and Water-bag code in this case can be found in Fig. 11. We see that a
good agreement is also obtained between the curves in a situation
where ITG and PVG instabilities coexist. The positive angular frequen-
cies in Fig. 11(b) seem to indicate that the modes are dominated by the
PVG instability. Both the PVG and ITG instability criteria are satisfied.
In this setup, we can expect two possibilities: 1. the coexistence of PVG
branch and ITG branch or 2. a single PVG-ITG hybrid branch, that is,
a series of modes influenced by both ion temperature and parallel
velocity gradients. The Water-bag code shows that there is only a sin-
gle unstable linear solution for each mode plotted in Fig. 11. Therefore,
we are in the second situation: PVG-ITG hybrid instability.

It should also be mentionned that in Figs. 9–11, the criterion
khkkdvk=dr > 011,34 is satisfied since the axial mode number n and the
parallel velocity gradient dvk=dr are negatives in all three simulations.
Modes withm > 0 are indeed unstable in these simulations.

With these results and the ones presented in Secs. IVA and IVB,
we can conclude that GYSELA is a reliable tool to perform linear anal-
ysis in cylindrical geometry, as long as the parameters of Sec. II B are

FIG. 9. (a) Instability growth rate c plotted against the mode number m for the case
“ITG only,” with n ¼ �3 and q ¼ 0:48. (b) Angular frequency xr plotted against
the mode number m for the case “ITG only,” with n ¼ �3 and q ¼ 0:5. Note that
xr is negative here because the perturbation wave associated with ITG propagates
in the direction opposite to the electron diamagnetic velocity. The m-axis is shared
between the two graphs.

FIG. 10. (a) Instability growth rate c plotted against the mode number m for the
case “PVG only,” with n ¼ �3 and q ¼ 0:47. (b) Angular frequency xr plotted
against the mode number m for the case “PVG only,” with n ¼ �3 and q ¼ 0:5.
The frequencies are positive because the PVG instabilities propagate in the same
direction as the electron diamagnetic velocity. The m-axis is shared between the
two graphs.
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used. The next step will be to operate this “cylindrical version” of
GYSELA in the nonlinear regime to study if it can accurately predict
the transport of particles, which will require to alleviate the adiabatic
response assumption for the electrons, heat, and momentum observed
in experimental cylindrical devices.

V. CONCLUSION

In summary, we have investigated the linear interplay between
ITG and PVG instabilities in cylindrical geometry, using two comple-
mentary approaches: a Water-bag kinetic model and the 5D full-f
gyrokinetic code GYSELA.

By discretizing the ion velocity distribution into a set of bags and
retaining finite parallel flows, the Water-bag approach yields an analyt-
ical dispersion relation (in the form of a high-order polynomial in the
complex frequency) that incorporates both ITG and PVG drive terms
(radial gradients of temperature and parallel velocity), as well as finite-
Larmor-radius effects. Moreover, the radial dependence of equilibrium
profiles was introduced via a semi-global ansatz.

We confirmed these theoretical predictions by comparing them
against global gyrokinetic simulations carried out with a modified ver-
sion of GYSELA that effectively mimics cylindrical conditions. We
emulate a cylindrical configuration by removing toroidal curvature
and setting a high safety factor. Using heat and momentum sources,
the code was able to excite ITG and PVG modes in a controlled
manner. Despite the global nature of the gyrokinetic simulations and
the semi-global nature of our Water-bag approach, we achieved

quantitative agreement in both growth rate and mode frequency for
various values of radial gradients of temperature and parallel velocity,
over a wide range of azimuthal and axial mode numbers.

We applied the Water-bag analytical dispersion relation to iden-
tify key parametric dependencies of ITG and PVG modes. We showed
that the ITG is strongly enhanced by parallel flow shear. The PVG is
stabilized by the ion temperature gradient if it is relatively weak, but
larger ion temperature gradients lead to an overall enhancement of the
instability.

In addition, we described the instability threshold obtained from
both our Water-bag model and a fluid model, which highlights kinetic
effects by comparison. The kinetic modification of the instability
threshold is significant, especially when the density gradient and tem-
perature gradient have opposite directions.

These results confirm the applicability of gyrokinetic methods to
cylindrical devices and highlight the importance of parallel flow shear in
shaping microinstabilities. Future work will focus on nonlinear coupling
mechanisms (based on nonlinear gyrokinetic simulations) and the
resulting transport properties. Future studies will incorporate kinetic
electron effects and collisional damping, enabling the exploration of tur-
bulence saturation and transport in regimes closer to real laboratory
conditions. Collisions among charged particles, as well as between
charged particles and neutrals, are essential in low-temperature plasmas
and will need to be taken into consideration for a more realistic model-
ing. Similarly, the physics of plasma–wall interaction will need to be
taken into account as it affects the electric potential response along the
magnetic field lines.37 The recent developments performed in the
GYSELA code should allow one to address these important issues in the
near future.38 Meanwhile, improved experimental diagnostics in linear
devices such as SPEKTRE will help benchmark these simulation predic-
tions with measured fluctuations and transport profiles.
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